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Abstract —Temporal Equilibrium Logic (TEL) OQ is a promis¬ 
ing framework that extends the knowledge representation and 
reasoning capabilities of Answer Set Programming with temporal 
operators in the style of LTL. To our knowledge it is the first 
nonmonotonic logic that accommodates fully the syntax of a 
standard temporal logic (specifically LTL) without requiring fur¬ 
ther constructions. This paper provides a systematic complexity 
analysis for the (consistency) problem of checking the existence of 
a temporal equilibrium model of a TEL formula. It was previously 
shown that this problem in the general case lies somewhere 
between Pspace and Expspace. Here we establish a lower bound 
matching the Expspace upper bound in (2). Additionally we 
analyse the complexity for various natural subclasses of TEL 
formulas, identifying both tractable and intractable fragments. 
Finally the paper offers some new insights on the logic LTL by 
addressing satisfiability for minimal LTL models. The complex¬ 
ity results obtained highlight a substantial difference between 
interpreting LTL over finite or infinite words. 

I. Introduction 

In this paper we analyse the complexity of checking model 
existence in Temporal Equilibrium Logic (TEL). TEL was 
proposed by Cabalar and Vega 0 as a nonmonotonic logic for 
temporal reasoning. In particular, TEL provides an important 
extension of the language of answer set programming (ASP) 
by capturing temporal reasoning problems not representable 
in ASP. It is also apparently the only nonmonotonic extension 
of a standard modal temporal logic (viz. LTL) that does not 
use additional operators or constructions. 

Answer Set Programming (ASP) is now well established as 
a successful paradigm for declarative programming, with its 
roots in the fields of knowledge representation (KR), logic pro¬ 
gramming, and nonmonotonic reasoning (NMR) 0. Besides 
a fully declarative, modular reading of problem descriptions, 
distinguishing features of ASP are its intrinsic handling of 
nondeterminism and the rich possibilities for knowledge rep¬ 
resentation, including the seamless handling of incomplete and 
defeasible knowledge, preferences at various levels, as well as 
aggregates and other useful features. 

An adequate logical foundation for ASP is provided by a 
formalism called Equilibrium Logic J4), 0, a nonmonotonic 
extension of the superintuitionistic logic of here-and-there 
(HT) 0. This provides useful logical tools for the metatheory 
of ASP and a framework for defining extensions of the basic 
ASP language, for example to arbitrary propositional and 
first-order theories, to languages with intensional functions, 
and to hybrid theories that combine classical and rule-based 
reasoning m-m. 

The nonmonotonic capability of ASP helps to solve typical 
representation issues in temporal reasoning such as the frame 


problem HD and the ramification problem 02- However, 
while ASP has been applied to a wide range of problems 
involving temporal reasoning, including prediction, planning, 
diagnosis and verification, since it is not an intrinsically tem¬ 
poral formalism, it suffers some important limitations. Most 
ASP solvers deal with finite domains, a restriction that allows 
a grounding of the program into a finite set of propositional 
rules. This limitation means that time is usually represented 
by an extensional predicate with a finite domain fixed a priori, 
hampering the solution of problems dealing with unbounded 
time. 

Temporal scenarios dealing with unbounded time are typi¬ 
cally best suited for modal temporal logics. However, standard 
modal temporal logics, such as propositional linear-time tem¬ 
poral logic LTL IU31 , do not accommodate default and non¬ 
monotonic reasoning and are not designed to deal with many 
issues in knowledge representation. TEL extends equilibrium 
logic and therefore includes KR features from ASP but is able 
to express concepts from modal temporal logic. It shares the 
syntax of LTL, but its semantics is an orthogonal combination 
of the LTL semantics with the nonmonotonic semantics of 
Equilibrium Logic. As for Equilibrium Logic, TEL models 
(called temporal equilibrium models) are the result of a kind 
of minimisation among models of the monotonic logic of 
Temporal Here-and-There (THT), a combination of LTL and 
HT. Considerable progress has already been made in the 
theoretical study of TEL and its computational methods. Key 
results include the use of TEL to translate action languages 
m , an automata-theoretic approach for checking the existence 
of TEL models 0, a decidable criterion for proving the strong 
equivalence of two TEL theories fl4l . and a tool for computing 
models of temporal programs under TEL semantics (131. 

Our contribution: We investigate the computational cost 
of the TEL consistency problem, that is checking for a given 
THT formula the existence of a temporal equilibrium model. 
This question was previously addressed in 0 by showing that 
the problem lies somewhere between Pspace and Expspace. 
Our first contribution consists in filling this computational gap 
by providing a lower bound matching the EXPSPACE upper 
bound in 0. 

As a second contribution, we give a systematic analysis, 
searching for natural subclasses of THT formulas for which 
complexity decreases. In particular, we consider all the syn¬ 
tactical fragments of THT obtained by restricting the set of 
allowed temporal modalities and/or by imposing a bound on 
the nesting depth of temporal modalities and/or the implication 
connective (including negation, expressed in terms of implica- 


tion). The aim is to obtain a better understanding of what 
makes the initial problem ExPSPACE-hard, and to identify 
interesting fragments with lower complexity. Overall, our 
results are rather negative. We show that the TEL consistency 
problem remains ExPSPACE-hard even in the following two 
simple cases: (1) the unique allowed temporal modality is G 
(‘always’), and (2) there is no nesting of implication. 

The result for the first case is surprising since LTL/THT sat¬ 
isfiability for the fragment where the unique allowed temporal 
modalities are G and F (‘eventually’) is just NP-complete (2), 
m. On the other hand, the result for the second case 
highlights an important difference between propositional equi¬ 
librium logic and TEL it is well-known that for logic programs 
without default negation (corresponding to HT formulas where 
there is no nesting of implicatiorQ), the existence of classical 
models ensures the existence of stable models. This fails in the 
temporal extension, where as pointed in (2), the non-existence 
of equilibrium models may be also due to the lack of a finite 
justification for satisfying the criterion of minimal knowledge. 

The TEL consistency problem remains hard, and, precisely, 
NEXPTlME-complete even for the simple case where no 
nesting of temporal modalities is allowed. However, on the 
positive side, we identify many interesting THT fragments 
with a lower complexity. For each of them, we show that the 
TEL consistency problem is complete for some complexity 
class in {NP, E 2 , PSPACE } (for an overview of the obtained 
results, see Subsection III- All . Some of these results also point 
out a peculiar difference between LTL and THT: due to 
the interpretation of the implication connective, in THT, a 
temporal modality cannot expressed in terms of its ‘dual’ 
modality. Thus, in THT, dual temporal modalities, such as F 
and G, need to be considered independently from one another. 
This is illustrated by one of our positive results: for the THT 
fragment whose allowed temporal modalities are F and X 
(‘next’), the complexity of the considered problem collapses 
to the second level X 2 of the polynomial hierarchy. This also 
turns out to be the unique case where, surprisingly, LTL/THT 
satisfiability is harder than TEL consistency. 

As a third contribution, we provide new insights into the 
logic LTL. We address minimal LTL satisfiability, that is 
checking the existence of LTL models which are minimal with 
respect to the partial order given by pointwise propositional 
containment. While for LTL over finite words, the existence 
of LTL models ensures the existence of minimal ones, for LTL 
over infinite words, this is not true. In particular, we show 
the for the case of infinite words, minimal LTL satisfiability 
is exponentially harder than LTL satisfiability, and, precisely, 
ExPSPACE-complete. To the best of our knowledge, there is no 
complexity result in the literature emphasizing the differences 
arising from interpreting LTL over finite or infinite words. 

Related work: Several research areas of AI have com¬ 
bined modal temporal logics with formalisms from knowl¬ 
edge representation for reasoning about actions and planning 
(see e.g. 03). Combinations of NMR with modal logics 

'recall that in HT/THT negation is expressed in terms of implication 


designed for temporal reasoning are much more infrequent in 
the literature. The few exceptions are typically modal action 
languages with a nonmonotonic semantics defined under some 
syntactical restrictions. Recently, an alternative to TEL has 
been introduced, namely. Temporal Answer Sets (TAS), which 
relies on dynamic linear-time temporal logic ED, a modal 
approach more expressive than LTL. However, while the non¬ 
monotonic semantics of TEL covers any arbitrary theory in 
the syntax of LTL, TAS uses a syntactic transformation that 
is only defined for theories with a rather restricted syntax. A 
framework unifying TEL and TAS has been proposed in |fl9l . 

II. Temporal Equilibrium Logic 

We recall the framework of Temporal Equilibrium Logic 
(TEL) E. TEL is defined by first introducing a monotonic 
and intermediate version of standard linear temporal logic 
LTL Q3, the so-called logic of Temporal Here-and-There 
(THT) E- The nonmonotonic semantics of TEL is then 
defined by introducing a criterion for selecting models of THT. 

Let N be the set of natural numbers and for all i , j £ N, 
let [i,j] := {h £ N | * < h < j}. For an infinite word w over 
some alphabet and for all * > 0, w(i) is the i th symbol of w. 

Syntax and semantics of THT: while the syntax of THT 
coincides with that of LTL, the semantics of THT is instead an 
orthogonal combination of the superintuitionistic propositional 
logic of Here-and-There (HT) (6) and LTL. Fix a finite set P 
of atomic propositions. The set of THT formulas p over P is 
defined by the following abstract syntax. 

p := p | _L | 1/3 V p | p A p | p —> p | Xp | p\J p | pRp 

where p £ P and X, U , and R, are the standard ‘next’, 
‘until’, and ‘release’ temporal modalities. Negation is defined 
as -1 p = f p —> _L while T —' -i_L. As usual pi <->■ P 2 stands 
for (pi —>■ P 2 ) A {p\ ^ p 2 )- The classical temporal operators 
G (‘always’) and F (‘eventually’) can be defined in terms of 
U and R as follows: Tp = f TU p and Gp = f _LR p. The 
size | p | of a formula p is the number of distinct subformulas 
of p. The temporal height (resp. implication height ) of p is 
the maximum number of nested temporal modalities (resp. 
nested implications) in p. Notice that negation is counted as 
an additional implication. Thus, for example, formula —>• p 
has implication height equal to 2. 

Recall that LTL over P is interpreted on infinite words over 
2 P , called in the following LTL interpretations. By contrast, 
the semantics of THT is defined in terms of infinite words 
over 2 P x 2 P , which can also be viewed as pairs of LTL- 
interpretations. Formally, a THT interpretation is a pair M = 
(H,T) consisting of two LTL interpretations: H (the ‘here’ 
interpretation) and T (the ‘there’ interpretation) such that 

for all * > 0, H(Z) C T(i) 

Intuitively, H(i) represents the set of propositions which are 
true at position i, while T(*) is the set of propositions which 
may be true (i.e. which are not falsified in an intuitionistic 
sense). A THT interpretation M = (H,T) is said to be total 




whenever H = T. In the following, for interpretation , we mean 
a THT interpretation. Given an interpretation M = (H,T), a 
position i > 0, and a THT formula p, the satisfaction relation 
M, i \= p is inductively defined as follows: 
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whenever M,0 (= tp. A THT formula ip is THT satisfiable 
if it admits a THT model. A formula tp is THT valid if every 
interpretation M is a THT model of tp. Note that the semantics 
of THT is defined similarly to that of LTL except for the clause 
for the implication connective —» which must be checked 
in both the components H and T of M. As a consequence 
M, i \/L p does not correspond to M, i \= -*p (i.e., M, i J= ->p 
implies that M, i \f=- tp, but the converse direction does not 
hold in general). However, if we restrict the semantics to total 
interpretations, (T, T) |= tp corresponds to the satisfaction 
relation T |= tp in LTL. More precisely, the LTL models T 
of tp correspond to the total interpretations (T. T) which are 
THT models of tp. As shown in (2j, THT satisfiability can be 
reduced in linear-time to LTL satisfiability. With regard to THT 
validity, a THT valid formula is also an LTL valid formula, 
but the converse in general does not hold. For example, the 
excluded middle axiom tp V —itp is not a valid THT formula 
since, as highlighted above, for an interpretation M = (H.T), 
M \/= p does not imply that M |= —>tp. Similarly, the temporal 
formulas Ftp -o- -iG ~>tp and p\\Jp 2 -o- -upiR-«p 2 > which 
are well-known valid LTL formulas (and allow to express, 
in LTL, a temporal modality in terms of its dual modality), 
are not THT valid formulas. Thus, in THT, dual temporal 
modalities, like F and G, or U and R, need to be considered 
independently one from the other one. We summarize some 
observations made above and some additional observations 
(which easily follows from the semantics of THT and LTL) 
in the following proposition, where for clarity, we use (=ltl 
to denote the satisfaction relation in LTL. 

Proposition II.l. Let (H. T) be an interpretation and p be a 
THT formula. 

1) If (/-/, T),i\= tp, then (T, 7), i \= tp (for all i > 0). 

2) ( H , T),i\=->p iff (T, T),i\=^p (for all i > 0). 

3) (T,T)\=tp iff T \=ltl P- 

4) If tp has implication height at most 1, then (/-/, 7) \= p 
implies H \=ltl V- 

The non-monotonic logic TEL: this logic is obtained 
from THT by restricting the semantics to a subclass of models. 


called temporal equilibrium models. For two LTL interpreta¬ 
tions H and T, we write H C T to mean that H (*) c T(z) for 
all i > 0. We write H C T to mean that H CT and H f T. 

Definition II.l (Temporal equilibrium model). Given a THT 
formula tp, a (temporal) equilibrium model of p is a total 
model (T,T) of p satisfying the following minimality require¬ 
ment: whenever H d T then (77, T) ]f= p. 

If we restrict the syntax to HT formulas (i.e., THT formulas 
where no temporal modality is allowed) and the semantics 
to HT interpretations (H(0),T(0)), then (non-temporal) equi¬ 
librium models coincide with stable models of answer set 
programs in their most general form |[20l . In particular, the 
interpretation of negation is that of default negation in logic 
programming: formula -\tp holds (p is false by default) if there 
is no evidence regarding p, i.e., p cannot be derived by the 
rules of the logic program. As an example, let us consider 
the THT formula p given by p = G(~<p —> Xp). Its intuitive 
meaning corresponds to the first-order logic program consist¬ 
ing of rules of the form p(s(X)) <— notp(X), where time has 
been reified as an extra parameter X = 0, s(0), s(s(0)),.... 
Thus, at any time instant, if there is no evidence regarding p, 
then p will become true at the next instant. Initially, we have 
no evidence regarding p, so this will imply Xp. To derive 
XXp, the only possibility would be the rule -Xp —s- XXp, an 
instance of p. As the body of this rule is false, XXp becomes 
false by default, and so on. It is easy to see that the unique 
equilibrium model of p is ((0{p}) Lt ' ) (0{p})“), corresponding 
to the unique LTL model of formula ->p A G(->p -H- Xp). 

Note that an LTL satisfiable formula may have no temporal 
stable model. A familiar example from non-temporal ASP is 
the logic program rule ->p —»■ p, whose unique classical model 
is {p} and whose HT models are (0, {p}) and ({p},{p}). 
As a second example, consider the temporal formula p given 
by p = G(-iXp -a p) A G(Xp —> p). This formula is LTL- 
equivalent to Gp. Thus, the unique LTL model is T = {p}“. 
However, (T.T) is not an equilibrium model of p, since the 
interpretation (H.T), where H = (0)“ is a THT model of p. 

In general, for HT formulas, the non-existence of equilib¬ 
rium models is due to the unrestricted use of nested implication 
(recall that negation is expressed in terms of implication). 
For the temporal case, as pointed in El, the non-existence 
of equilibrium models may be also due to the lack of a finite 
justification which ensures the minimal fulfilment of the given 
formula. For example, for the formula p = GFp, any LTL 
model T must contain infinite occurrences of p (hence, no 
prefix of T can justifies the fulfilment of p). Even if p is 
THT/LTL satisfiable, one can easily check that there is no 
equilibrium model of p. 

A. Summary of the results 

We are interested in the following decision problem. 

The TEL consistency problem:: let C be THT or a 
fragment of THT. The TEL consistency decision problem for 
£, written CON(C), is the set of all E-formulas for which 
there exists an equilibrium model. 



TABLE I 

Computational cost of the TEL consistency problem 


m > 1, k > 1 

TEL consistency problem 

THT, THT.;„, + 1 (F.G), 
THT5+ 1 1 (G),THT^ 1 1 (U) 

E XP S PACE-complete 
(Theorem 1 III. 1 1 and (2)) 

THT(X), THT(F), THT(X,F) 

£2 -complete (Corollary IIV.21 

THTi, THTj +1 (F,G) 

N EXPTIME-complete 

THTj +1 (U), THTj +1 (R) 

(Theorems |III.2| and |lll.3j> 

THTi (X, G) 

£ 2 -complete (Theorem 1 IV. 2 ) 

THT J (R), THT 1 (X, R) 

Ps PACE-complete 

THT 1 (U ), THT 1 (X, U) 

(Theorem IIV.4I and Cor. IIV.11 

THTj 

NP-complete (Theorem 1 IV. 41 

THT 0 

PSPACE-hard (Theorem I IV. 1 1 

THTq = HT 

£ 2 -complete 0, 1211 


In particular, we consider the syntactical fragments of THT 
obtained by restricting the set of allowed temporal modal¬ 
ities and/or by bounding the temporal/implication height. 
Formally, given 0i,0 2 ,... £ {X, F,G,U,R}, we denote 
by THT(Oi, O 2 ,...) the fragment of THT for which only 
the temporal modalities 0i,0 2 ,... are allowed. For k > 0 
and to > 0, THT^(Oi, 0 2) • ■ •) denotes the fragment of 
THT(Oi, O 2 , ■ ■ ■) where the temporal height is at most m 
and the implication height is at most k. We write nothing 
for to and/or k when no bound is imposed. For instance, 
THT 2 (G) denotes the fragment where the unique allowed 
temporal modality is G and the temporal height is at most 
2. The results obtained in this paper are illustrated in Fig. U 
Notice that THTo = HT and checking the existence of equilib¬ 
rium models for HT formulas is a well-known E 2 -complete 
problem Q, Ii21 1 . Moreover, membership in Expspace for 
the TEL consistency problem of full THT has been established 
in El by a generalisation of the standard automata-theoretic 
approach for solving LTL satisfiability. 

Additionally, in Section [V] we investigate the complexity 
of checking for a given THT formula ip, the existence of a 
minimal LTL model , i.e. an LTL model T of p such that for 
all H IZ T, H ^=ltl ! r- Notice that in general LTL satisfiability 
does not ensure the existence of minimal LTL models. An 
example is given by the formula G F p which is LTL satisfiable 
but does not admit minimal LTL models. 

III. Intractable fragments 

In this section we show that the TEL consistency prob¬ 
lem is in general ExPSPACE-hard even for the fragments 
THT^(F,G), THT 2 (G), and THT 2 (U). Moreover, the prob¬ 
lem remains hard, and, precisely, NEXPTlME-complete when 
no nesting of temporal modalities is allowed. Notice that 
ExPSPACE-hardness for THT 2 (F, G) is surprising since 
THT satisfiability for the fragment THT(F,G) is just NP- 
complete E). ED and checking the existence of equilibrium 
models for HT 1 formulas has the same complexity as satisfi¬ 
ability of classical propositional logic, i.e. NP-complete. 


A. Expspace -complete fragments 

In this subsection, we establish the following result. 

Theorem III. 1. The TEL consistency problems for THT 2 (G), 
thtUf.G), and THT 2 ( U ) are all EXPSPACE -hard. 

Theorem lHI.ll is proved by polynomial-time reductions from 
a domino-tiling problem for grids with rows of singly expo¬ 
nential length ll22l . We fix an instance I of such a problem, 
which is a tuple I = ( C , A, n, dfj na i), where C is a finite 
set of colors, A C C 4 is a set of tuples (crf ovv „, c/ c /,, c up , c r i g h t ) of 
four colors, called domino-types, n > 0 is a natural number 
(written in unary), and d, mf , dfi na i £ A are domino-types. A 
tiling of I is a mapping / : [0, k] x [0, 2" — 1] —>• A for some 
k > 0 satisfying the following: 

« two adjacent cells in a row have the same color on the 
shared edge: for all (i,j) £ [0, k] x [0, 2™ — 11 with j < 
2 n -l,[f(i,j)) right =[f(i,j + l)] left -, 

• two adjacent cells in a column have the same color on 
the shared edge: for all (i. j) £ [0,fc] x [0,2™ — 1] with 

/ < fc, [f(l, j)]up = [/(* T" 1) j)\dowm 

• /( 0, 0) = dintt ( initialization ); 

• /(fc, 2™ — 1) = dfi n ai ( acceptance ). 

Remark III.l. Without loss of generality, we restrict ourselves 
to tilings f : [0, k] x [0,2™ — 1] -A A of I such that every 
cell except the last has content distinct from dfi„ a i, i.e. for all 
(fj) ^ {k, 2™ - 1), ± dfinai. 

It is well-known that checking the existence of a tiling 
for T is ExPSPACE-complete |22| . In the following, for each 
C £ {THT^(F,G),THT 2 2 (G),THT 2 (U)}, we construct in 
polynomial time an E-formula which admits an equilibrium 
model iff there exists a tiling of T. Hence, Theorem IIII.ll 
follows. We use the following set P of atomic propositions 
for encoding tilings of I: 

P = Pmain U P, ag U {u} P, ag = {tl, . . . , f 9 } 

Pmain = A U {$} U P„ um P mlm = [1, «] X {0, 1} 

The atomic propositions in P num C P mam are used to encode 
the value of a n-bits counter numbering the cells of one row 
of a tiling. In particular, a cell with content d £ A and column 
number j £ [0, 2™ — 1] is encoded by the words in 

{(1 ,h)} + ...{(n,b n )} + {d} + 

where b\... b n is the binary encoding of the column number 
j. Moreover, a row is encoded by words of the form {$} ,l • 
cello ■ ■ ■ ce// 2 n_i for some h > 1, listing the encodings of 
cells from left to right. Thus, a tiling / is encoded by finite 
words w over 2 where w corresponds to a sequence of row 
encodings, starting from the first row of /. Note that for all 
* > 0, w(i) contains exactly one atomic proposition in 
The extra symbols in Plug and the additional proposition u 
are used to mark segments of infinite words H in order to 
check that the projection of H over P ma ,„ has no prefix which 
encodes a tiling. 

















Reductions: Here we focus on the fragment THT 2 (F, G). 
The reductions for THT^G) and THT 2 (U ) are in Ap¬ 
pendix [VII-BI Our main tool is a notion of pseudo-tiling code. 

Definition III.l (Pseudo-tiling codes for THT 2 (F,G)). An 
interpretation (/-/, T) (over P) is a pseudo-tiling code for 
THT 2 (F, G) if the following holds: 

Unboundedness; for infinitely many i > 0, u £ H(i). 
Pseudo-tiling T-requirement; $ £ T( 0) and: 

• T(i)r\P main is a singleton and T(i)r\P main = H(i)r\P main 
for all i > 0; 

• there is i > 0 such that dfi na i £ T(i). 

• either for all i > 0, u £ T(i) and T(i) H P tag = P tag (full 
requirement), or u (j T( 0) and for all i > 0, T(i) fl P tag 
is a singleton. 

FI-requirement: if H ^ T (i.e., H d T), then u H( 0) and 

H(i) n P, ag is a singleton for all i > 0. 

A pseudo-tiling code (H.T) for THT 2 (F,G) is good if it 
satisfies the full requirement. We observe the following fact. 

Remark III.2. Let (T. T) be a total pseudo-tiling code for 
THT 2 (F. G) which is not good. Then, u (j 7~(0) and there 
exists H such that H d T, (H, T) is a pseudo-tiling code and 
for all i > 0, H(i) n (P \ {«}) = T{i) (T (P \ {zi}). 

We construct a THT 2 (F, G) formula ipz whose equilibrium 
models are the good pseudo-tiling codes (T, T) such that the 
projection of some prefix of T over P ma m encodes a tiling. 
In particular, we ensure that for a good pseudo-tiling code 
(T, T), there exists H d T such that (H,T) |= ipz iff (H, T) is 
a pseudo-tiling code and H is a “slice” version of T witnessing 
that T ha no prefix which encodes a tiling. The construction 
of ipz consists of three steps. First, we define a THT 2 (F,G) 
formula capturing the pseudo-tiling codes. 

Proposition III.l. One can construct in polynomial time a 
THT 2 (F. G) formula ip pseudo such that (H,T) |= 'p pseu do iff 
(H, T) is a pseudo-tiling code for THT 2 (F, G). 

Proof: The THT 2 (F, G) formula p pseu do is given by 
(GFit) A $ A G( \/ (p A f\ V)) A 

P^ Pmain p' £ Pmain \ \_P } 

(F dfinai) A G( \J p) A 

P&Ptag 

([u V F( \J (pAp'))] ->G(«A /\ p)) 

(P,P')£Ptag'-PAp' P&Plag 

The first conjunct captures the unboundedness requirement, 
while the remaining conjuncts capture the pseudo-tiling T- 
requirement and the H-requirement. ■ 

Second, we use a family of THT^F. G) formulas to mark 
by propositions in P, ag segments of infinite words on 2 P ". 

Proposition III.2. Let ,..., t, k be distinct propositions in 
Ptag, and Pi,...,Pfe be non-empty subsets of P ma i n . Then, 
one can construct in polynomial time a THT *, ( F, G) formula 


9(ii\Pi ,..., ik\Pk) over P \ {u} such that: for all good 
pseudo-tiling codes (/-/, T) for THT] (F, G) with H f T, 

(H, T) |= 9(ii\Pi ,..., ik\Pk) iff 

the projection of H over P, ag is in {tj 1 } + ... {U k 

and for all 1 < j < k, all the main propositions which label 

the segment of H marked by ti . are in Pj. Moreover, 

( H, T) |= 0(*i|Pi,..., ik\Pk) iff H \=ltl 0(i\\Pi ,..., ik\Pk) 

Proof: For a good pseudo-tiling code (H,T) with H ^T, 
T(i) n P, ag = P, ag and H (z) n P tag is a singleton for all i > 0. 
Hence, (H,T) -t/> and (T,T) |= ip, where ip = Gp. 

P^Ptag 

Then, 0{ii\Pi,... ,ik\Pk ) is given by 

( V F t) -> ip A 

'---V--" 

H is only marked by tag propositions in 

A R b- A 

every tag ti marks some position of H 

( V V F (^i A p)) ^ ^ A 

j€[l,k] p£P„, a i„\Pj 

■ - v -' 

each tij -position in H is labeled by a main proposition in Pj 

( V F (f* r RFtiJ ) -> ip 

r,se[l,fc]:s<r 

'-V-' 

the tags tij mark H according to the order ti lf ... ,ti k 

m 

The crucial step in the construction of tpz is represented by 
the following result. 

Proposition III.3. One can construct in polynomial time a 
THT 2 (F. G) formula tpbad over P \ {it} such that for all 
total interpretations (T,T) which are good pseudo-tiling codes 
for THT 2 (F, G), there exists a good pseudo-tiling code for 
THT 2 (F. G) of the form ( H , T) with H T and satisfying pbad 
iff there is no prefix of T whose projection over P ma i„ encodes 
a tiling. Moreover, for all good pseudo-tiling codes (H, T) for 
THT 2 (F. G) with H^T, (H, T) \= (p bad iff H |=ltl Tbad- 

Proof: the THT 2 1 (F, G) formula ipbad consists of various 
disjuncts which capture all the possible conditions such that for 
a total good pseudo-tiling code (T, T), no prefix of T encodes 
a tiling iff some of these conditions is satisfied. These bad 
conditions can be summarized as follows, where for an LTL 
interpretation T over P, a prefix of T is incomplete if it has 
no position labeled by dfi na f. 

• The content of the first cell is not d mit . 

• Either some $-position is preceded by an incomplete 
prefix and is followed by a A-position, or some P, im¬ 
position is preceded by an incomplete prefix and is 
followed by a $-position. 

• No cell preceded by an incomplete prefix has content dfi na i 
and is the last cell of a row. 








. There are segments in ({$} U A \ {d fina i}) P+„, A+, 
preceded by incomplete prefixes, such that the suffix in 
P+ m A + is not a correct encoding of a cell. 

• There is a row preceded by an incomplete prefix whose 
first (resp., last) cell has column number distinct from 0 
(resp., 2 n - 1). 

• There are adjacent cells in a row, preceded by an incom¬ 
plete prefix, whose column numbers are not consecutive. 

• Bad row (resp., column) condition', there are two adjacent 
cells in a row (resp., column), preceded by an incomplete 
prefix, which have different color on the shared edge. 

The above conditions are expressed in THT 2 1 (F,G) by ex¬ 
ploiting the formulas 8(ii\Pi ,..., ik\Pk) of Proposition IIII.21 
Here, we focus on the construction of the formula expressing 
the bad column condition (a full proof of Proposition IIII. 31 is 
in Appendix 1 V 11 - A b . Such a formula is defined below, where 
we use the following short hands: R m \= P ma i n \ { dfj„ a i }, 
Rc .— Pmain \ {$ ■ dfmtd } , and A .— A \ { dfinai }. Notice that 
we use the tag propositions t 2 and ty (resp., i 3 and fg) to mark 
the cell-numbers (resp., the contents) of two cells. 

2| P num , 3|A*, 4|i? c , 5|{$}, 6| R c , 7\P num , 8| A, 9| P main ) 
V 6(l\R m , 2| P num , 3| A r , 4| R c , 5|{$}, 7\P num , 8|A, 9| P main ) V 
@ (11 Rmain i 21 Pnum ? 3|A fl) 51{$}, 6| R c , 7\P num , 8|A, 9|P mfll „)) 

■---' 

mark with £2 and £7 the cell-numbers of two cells c and c' of two adjacent rows 

A 

A V ( f ((a 6) Af 2 ) A F((«, 6) Af 7 )) A 

*6[l,n] be{0,l} 

■-—v-' 

the marked cells c and c have the same column number 

\J ^F(d A f 3 ) A F(d' A f 8 )j 

(d,d')eAxA:d„ p ^(d')^»- n 

S ---V-' 

the marked cells c and c do not have the same color on the shared edge 

■ 

By using Propositions IIII. II and IIII. 31 we deduce the fol¬ 
lowing result from which Theorem IIII. II for the fragment 
THT 2 (F, G) directly follows. 

Lemma III.l. One can construct in polynomial time a 
THT^F.G) formula px such that there is an equilibrium 
model of px iff there is a tiling of I. 

Proof: Let p pS eudo and pbad be the THT 2 (F,G) formulas 
of Propositions IIII. II and IIII. 31 respectively. Then: 

PX — Ppseudo A (u V pbad) 

We now prove that the construction is correct. First, assume 
that there exists an equilibrium model (T,T) of px- By 
construction of px and Proposition IIII. II (T, T) is a pseudo¬ 
tiling code. We claim that (T,T) is good as well. We assume 
the contrary and derive a contradiction. By Remark IIII.21 
u i T(0) and there exists H C T such that (H,T) is a pseudo¬ 
tiling code and for all i > 0, H(z)n(P\{w}) = T(z)n(P\{w}). 
Since u £ T(0) and (T, T) \= px, (T,T) |= pbad- Moreover, 
since pb a d is a formula over P \ { u } (Proposition IIII. 3b . by 


Proposition IIII.II we obtain that (H,T) satisfies px, which 
contradicts the hypothesis that (T, T) is an equilibrium model 
of px- Thus, (T. T) is a good pseudo-tiling code. If no prefix of 
T encodes a tiling, by Proposition lIII.3l there exists H IZ T such 
that (H,T) |= pb a d and (H,T) is a pseudo-tiling code; hence, 
by Proposition lIH.il (H.T) satisfies px, which contradicts the 
assumption that (T,T) is an equilibrium model. Thus, some 
prefix of T encodes a tiling. Hence, there exists a tiling of X. 

Now, assume that there exists a tiling / of X. Let (T, T) 
be any good pseudo-tiling code such that the projection of 
some prefix of T over P„ M ,„ is an encoding of /. Note that 
such a (T, T) exists. Since u £ T(0), by construction and 
Proposition IIII. II (T, T) satisfies px- We assume that (T, T) 
is not an equilibrium model and derive a contradiction, hence, 
the result follows. Thus, there is H [I T such that (H.T) \= px- 
By construction and Proposition IIII. II (H,T) is a pseudo¬ 
tiling code. Moreover, since (T,T) is good, (H,T) is good 
as well. Since H ^ T, u £ H(0) (Definition IIII. lb . Hence, 
being (H,T) |= px, by construction, (H,T) |= pbad- By 
Proposition lIII.3l there is no prefix of T which encodes a tiling. 
This contradicts the hypothesis, and we are done. 

■ 

B. The fragment THTi 

We establish that the TEL consistency problem for the sim¬ 
ple fragment THTi, where no nesting of temporal modalities is 
allowed, is already NEXPTlME-complete even for the smaller 
fragments THTi(F,G), THT^U), and THTi(R). 

1) Lower Bounds: 

Theorem III.2. The TEL consistency problems for 
THTi(F. G), THT-f (U), and THTi (FI) are NEXPTiME-/um/. 

Theorem IIII.21 is proved by polynomial-time reductions from 
a domino-tiling problem for grids with rows and columns of 
exponential length ll23l . An instance X = (C, A, n, di„i t , dfi na i) 
of this problem is as in the proof of Theorem IIII. II However, 
here, a tiling of X is defined as a mapping / : [0, 2™ — 1] x 
[0, 2 n — 1] —> A, i.e., the number of rows and the number of 
columns is 2". It is well-known that checking the existence 
of a tiling for X is NEXPTlME-complete ||23) . We focus on 
the fragment THT^(F, G). The reductions for the fragments 
THTj(U) and THT^(R) are given in Appendix IVII-DI 

Encoding of tilings for THTflF. G): we use the follow¬ 
ing set P of propositions: 

P = Pmain U P, ag U {it} P mam = A U P' num U Pf um 
Plum = M X [1, n} x {0,1} Pf um = {c} x [1, n] x {0,1} 
Pmg = {tl,t 2 ,t 3 }x{p\pe Pf mm u P ( nutn ) 

We use the atomic propositions in Pf um (resp., Pf um ) to encode 
the value of a n-bits counter numbering the 2" rows (resp., 
columns) of a tiling. In particular, a cell with content d £ A, 
row number i £ [0, 2 n — 1], and column number j £ [0, 2” — 1] 
is encoded by the subset of P ma i„ given by 

{d, (r, 1, bi), ...,(r,n, b„), (c, 1,6i), b' n )} 















































where b\... b n (resp., b[,..., b' n ) is the binary encoding of the 
row number i (resp., column number j). We call such subsets 
of Pmain cell-codes. A tiling / is then encoded by the infinite 
words w over 2 p,nain satisfying the following: 

• for all i.j £ [0, 2" — 1], there is h > 0 such that w{h) is 
the cell-code of the ( i,j) th cell of /; 

• for all h > 0, w(h) encodes the (i, j) th cell of f for 
some i. j £ [0,2 n - 1], 

The extra symbols in Ptag and the additional proposition 
u are used to mark infinite words H in order to check that 
the projection of H over P mmn does not encode a tiling. In 
particular, a cell-number code is a subset of Ptag of the form 

{(r, 1, bi ),..., (r, n, b n ), (c, 1, b [),..., (c, n, b'Jj 

Reduction for THTi(F , G): as in the proof of Theo¬ 
rem we use a notion of pseudo-tiling code. 

Definition III.2 (Pseudo-tiling codes for THTjjF. G)). An 
interpretation (H, T) (over P) is a pseudo-tiling code for 
THTi(F, G) if the following holds: 

Pseudo-tiling T-requirement: for all i > 0, T{i) n P m am is a 
cell-code and H(i) n P ma m = T(i) n Pmain- Moreover. 

• there is i > 0 such that T(i) n Pmain has row-number 0, 
column-number 0 and di n j t £ T(i) (initialization); 

• there is i > 0 such that has row-number 2 n — 

1, column-number 2 n — 1, and dfi na i £ T(i) (acceptance). 

Full T-requirement: for all i, T(i) C\P tag = Ptag and u £ T(i); 
H-requirement: if H ^ T, then u (j H(i) for all i> 0, and: 

• either there is a cell-number code P' C P tag such that 
the projection of H over P tag is ( P') u ; 

• or for all i > 0, H(i) n P tag is a singleton contained in 
{fi, (2, (3}- 

We construct in polynomial time a THT^(F, G) formula ipx 
in such a way that (i) the total interpretations captured by 
ipx are the total interpretations (T,T) which are pseudo-tiling 
codes for TFIT^(F,G), and (ii) there exists H C T such that 
(H,T)h <px iff the projection of T over P ma i n does not encode 
a tiling. The construction of <px consists of two steps. First, 
we define a formula capturing the pseudo-tiling codes. 

Proposition III.4. One can construct in polynomial time a 
THTl(F.G) formula tp pseu do such that ( H,T) |= 1 p pseu do iff 
(/-/, T) is a pseudo-tiling code for THTf(F. G). 

The proof of Proposition IIII.4I is crucially based on the use 
of nested implication. In particular, we exploit the conjunct 
-lit —» u which is satisfied by an interpretation (H,T) iff u £ 
T (0). For details, see Appendix I VII-CI The second step in the 
construction of ipx is given by the following result. 

Proposition III.5. One can construct in polynomial time a 
THTi (F. G) formula Lpb a d such that for all total interpreta¬ 
tions (T. T) which are pseudo-tiling codes for THT^(F,G), 
there exists a pseudo-tiling code for THT^(F, G) of the form 
(H, T) with H ^ T and satisfying pbad iff the projection of T 
over P ma in does not encode a tiling. 


Proof: First, for all t,t' £ {(1,(2, (3} and r £ {r, c}, we 
consider the TFIT}(F, G) formula ip(t, t' , r) given by 

{ V [ F (( f v O A (r, i, 0)) A F((i V (') A (r, i, 1))]} ^ « 

ie[l,n] 

Evidently, for each pseudo-tiling code (H,T) for THT'ff F. G) 
with H ^ T, (FI, T) |= (p(t,t',r) (resp., (H,T) |= ip(t,t',c)) 
iff for all the positions of H marked by the propositions t and 
t', the associated cell-codes have the same row-number (resp., 
cell-number). Then the THTj (F, G) formula pbad consist of 
four disjuncts. The first disjunct checks that there is a cell- 
number (i. j) such that no cell-code has cell-number 

( V f p ) A 

peP mg \{ti,t2,t3} 

v -v-" 

all the positions of H are marked by the same cell-number code P C Ptag 

g( V V V [O.F & ) A(r,i,l- 6 )]) 

iG[l,n] rG{r*,c} 6G{0,1} 

S -V-^ 

at every position, the current cell-code has cell-number non-corresponding to P' 

The second disjunct checks that there are two cell-codes with 
the same cell-number but distinct content. 


(F*i)A A fi, t) A V F(fi A d) A F(ti A rf / )] 

rG{r,c} d,d'£A:d^d' 

Finally, the third (resp., fourth) disjunct checks that there 
are two adjacent cells in a column (resp., row) which do not 
have the same color on the shared edge. We illustrate the 
construction of the fourth disjunct. 


(Fti) A (F t 2 ) A ip(ti,ti,r) A p(h,t 2 , r) A c) A 

^-v-' 

mark two cells cl\ and cl2 with the same column number 


\J ^ F((r, i, 0) A fi) A F((r, i, 1) A tf) A 
A ( F (( r >J,l) Afi) AF((r,j,0) Af 2 )) A 

A V Air) A F{(r,j,b) Af 2 )) 

j£[i+l,n] be{0,l} 

'-v- 

cl i and cl2 have consecutive row-numbers 


A 


\J [F(fi Ad) A F(f 2 A d')] 

{d , d’) £ A X A : (d 1 ) doKn 

- - - - ' 

the cells cl 1 and cl 2 do not have the same color on the shared edge 


By construction, for all pseudo-tiling codes (H,T) for 
THT^(F,G) such that H ^ T, if (H,T) \= ipbad then T does 
not encode a tiling. On the other hand, for each total pseudo¬ 
tiling code (T, T) for THT^(F, G) such that T does not encode 
a tiling, there exists a pseudo-tiling code for THTf(F.G) of 
the form (H,T) such that H ^ T and (H.T) satisfies ipbad- 
Hence, Proposition IIII.5I follows. ■ 

The THTj(F. G) formula ipx is defined as follows: 


! pX — Ppseudo A ('ll V Pbad) 

where p pseu do and ipbad are the THT^(F,G) formulas of 
Proposition 1111.41 and IIII.5I respectively. By Propositions 1111.41 



























and IIII. 51 we easily deduce the following result, hence. Theo¬ 
rem [HO] for the fragment THTf ( F. G ) directly follows. 

Lemma III.2 (Correctness of the construction). There is an 
equilibrium model of px iff there is a tiling ofX. 

2) Upper Bound for CON(THTi): An interpretation M 
is strongly ultimately periodic if there is i > 0 such that 
M(fc) = M(i) for all k > i. In such a case, the size of M 
is defined as j + 1, where j is the smallest i satisfying the 
previous condition. In order to solve CCW(THTi), we first 
show that we can restrict ourselves to the equilibrium models 
which are strongly ultimately periodic and whose sizes are 
singly exponential in the size of the given formula. 

Lemma III.3. Let p be a THTi formula having some equilib¬ 
rium model. Then, there exists a strongly ultimately periodic 
equilibrium model of p of size at most 2 + 2^1 

The proof of Lemma IIII. 31 which is detailed in Ap¬ 
pendix IVII-EI exploits a notion of bisimilarity and contraction 
for interpretations. Bisimilar interpretations are indistinguish¬ 
able from THTi formulas, and the notion of contraction, 
which ensures bisimilarity, allows to ‘extract’ from a total 
interpretation a strongly ultimately periodic interpretation of 
size singly exponential in |P| by preserving the property of 
being an equilibrium model of a THTi formula. 

Next, we show that for a THTi formula p and a strongly 
ultimately periodic total interpretation M of size singly expo¬ 
nential in \p\, checking that M is an equilibrium model of 
:p can be done in time singly exponential in \p . For this, we 
use a notion of extracted interpretation depending on p, which 
generalizes a similar notion exploited in ll24l for solving LTL 
satisfiability for THTi (considered as LTL fragment). 

Definition III.3 (Witness Extraction). Given p £ THTi and 
an interpretation M = (H,T), a witness pattern of M for p 
is an infinite sequence no < n\ < ... of increasing natural 
numbers such that there is k > 0 so that M(rii) = M(?rfc + i) for 
all i > k + 1, and the finite set of positions W = {no,... ,nk} 
minimally satisfies the following conditions: 

• 0 £ W and if there is some subformula of p of the form 

Xip, then 1 £ W; 

• if M is not total, then for some i, H (*) c T(i) and i £ W; 

• for each subformula pi\d p 2 of p: 

- if M |= p\\f p 2 , then the smallest position i such that 
M, i \= p 2 is in W. 

- if M ipiU (/?2 and M |= Fp 2 , then the smallest 
position i such that M, * p x is in W. 

• for each subformula p\ R p 2 of p: 

- if M piRp 2 , then the smallest position i such that 
M, i P 2 is in W. 

- if M |= p\ R p 2 and M Gp 2 , then the smallest 
position i such that M, * |= p\ A p 2 is in W. 

Note that witness patterns of M for p exist. A witness 
extraction of M for p is an interpretation M^/ of the form 
Miy = M(?ro), M(t7,i), ..., where no < ni < ... is a witness 
pattern of M for p. Evidently, M i y is strongly ultimately 


periodic with size at most \p\ +3. 

We establish the following result whose proof is in Ap¬ 
pendix [mT] 

Lemma III.4. Given p £ THTi, the following holds. 

1) Let M and M' be two interpretations such that M' = 
M(no), M(n\),... where no < n\ < ...is an infinite 
sequence of increasing natural numbers containing all 
the positions of some witness pattern of M for p. Then, 
for each subformula ip of p, M \= ip iff M' \= ip. 

2) Let M = (T,T) be a total strongly ultimately periodic 
interpretation satisfying p of size m. Then M is an 
equilibrium model of p iff for each H C T such that 
(H, T) is a strongly ultimately periodic interpretation of 
size at most m + \p\ + 3, ( H , T) p. 

By Lemmata IIII.3I and IIII.4I we obtain the desired result. 

Theorem III.3. CON( THT t ) is in Nexptime. 

Proof: Let p be a THTi formula. By Lemma fill. 31 if 
p has an equilibrium model, then there is some equilibrium 
model (T,T) of p which is strongly ultimately periodic and 
whose size is at most 2 + 2^1. Nondeterministically guessing 
such a (T,T) and checking that (T, T) satisfies p can be done 
in singly exponential time. Moreover, by Lemma IIII. 41 for 
verifying that (T, T) is an equilibrium model, it suffices to 
check that for every strongly ultimately periodic interpretation 
(Hvy, T w) of size at most |(/?|+3, it holds that (f\w,^w) V= T 
whenever (Hvy,Tvy) satisfies the following condition. 

Downward condition: there is H C T such that (H,T) is 
strongly ultimately periodic with size at most 5 + 2^1 + |y>|, 
and (Hvy,Tvy) is a witness extraction of (H,T) for p. 

By Definition IIII.31 one can deduce that checking whether 
(Hvy.Tyy) satisfies the downward condition can be done 
in singly exponential (deterministic) time. Thus, since the 
number of strongly ultimately periodic interpretations of size 
at most | p | + 3 is singly exponential in the size of \p\, 
membership in Nexptime for CCWfTHT i) follows. ■ 

IV. Tractable fragments 

We now turn to the syntactical fragments of THT, as defined 
in Subsection III-AI which are not captured by the results of 
Section m For each of these fragments, except the fragment 
THT 0 , we will show that the TEL consistency problem is 
complete for some complexity class in {NP, £ 2 , Pspace}. For 
the fragment THT 0 , where no use of implication (and nega¬ 
tion) is allowed, we are only able to provide a PSPACE lower 
bound, as established by the following theorem. Notice that 
Theorem IIV. 1 1 whose proof is given in Appendix I VIII-AI is, 
in fact, surprising since a THT 0 formula is always satisfiable. 

Theorem IV.l. CON(THT°) is Pspace -hard. 

A. The fragment THTi (X G) 

The proposed approach for the fragment THTi(X, G) is 
based on the notion of witness extraction of Definition IIII.31 
The main result is as follows. 






























Lemma IV. 1. Let p E THT{ (X. G) and M be an equilibrium 
model of ip. Then, every witness extraction of M for p is still 
an equilibrium model of ip. 

Proof: let M = (T, T) be an equilibrium model of p and 
M w = (Jw, Tw) be a witness extraction of M for p. We show 
that M 14 / is an equilibrium model of p. By Lemma 1111.41 1), 
Mw satisfies p. Fix Hw C Tw- It remains to prove that 
(Hw: Tvv) Y= P- Let no < n\ < ... be the witness pattern of 
M for p such that Tw = T(no),T(ni), .... Define H as the 
LTL interpretation where: for all i > 0, if i = nj for some j, 
then H(i) = H w{j)\ otherwise, H(i) = T(i). Evidently, H [I 
T. Let M' = (H,T) and Mw = (Hiy,T^). Note that Mw = 
M^no)^ M^ni),.... We prove that for each subformula ip of 
p, M' \= ip iff M' w |= ip. Hence, since M ; \f= p ((T,T) is an 
equilibrium model of p), the result follows. 

The unique non-trivial case is when ip = Gift'. The impli¬ 
cation Gift => Gip’ easily follows from the 

construction and the fact that ip' has no temporal modalities. 
Now, assume that W w |= Gif. We need to prove that for 
all i > 0 , M',* h ip’. If i = nj for some j > 0, then 
M ( i ) = M lr (j). Thus, since ip’ has no temporal modalities, 
by hypothesis, the result follows. Otherwise, by construction, 
M^z) = (T(*),T(z)). We assume that M ' ,i ip' and derive a 
contradiction. Since ip’ has no temporal modalities, we obtain 
that (T,T) Gip'. By Lemma UTOT 1 ). (' T W ,T W ) Gip', 
hence, VJ\' W = (Hw,Tw) \f= G ip' as well (ProDosition lII.il IB. 
which contradicts the hypothesis, and we are done. ■ 

By applying Lemmata IIII.4I and II V. 1 1 we obtain: 

Theorem IV.2. CON (THTi (X, G )) is "Li-complete. 

Proof: The lower bound directly follows from E 2 - 
completeness of CCW(HT) [|5], L2I3- For the matching upper 
bound, let p be a THTi(X, G) formula. By Lemma HV. 1 1 and 
Definition IIII. 31 if p has an equilibrium model, then there 
is some equilibrium model (T, T) of p which is strongly 
ultimately periodic and whose size is at most \p\ + 3. Nonde- 
terministically guessing such a (T, T) and checking that (T, T) 
satisfies p can be done in polynomial time. Moreover, by 
Lemma HII.41 2L to verify that (T,T) is an equilibrium model, 
it suffices to check that each strongly ultimately periodic 
interpretation of size at most 2{\p\ +3) and of the form (H, T) 
such that H cT, does not satisfy p. Universally guessing such 
a (H.T) and checking that it does not satisfy p can be done 
in polynomial time. Hence, the result follows. ■ 

B. The fragments THT'(XR), THT 1 {X,U), and THT 1 

By Theorem IIII. II the TEL consistency problem for THT 1 
where there is no nesting of implication is already EXPSPACE- 
complete. However, we now show that for the relevant frag¬ 
ments THT 1 (X, R) and THT^X.U) of THT 1 , where the 
combined use of modalities U and R is disallowed, the prob¬ 
lem is instead PSPACE-complete. Additionally, we establish 
that CCW(THTj) is NP-complete. 

1) The fragments THT 1 {X, R) and THT 1 : For these two 
fragments, we first show that LTL satisfiability always guar¬ 
antees the existence of minimal LTL models. 


Theorem IV.3. Every LTL satisfiable THT 1 (X, R ) {resp., 
THTi) formula admits a minimal LTL model. 

Proof: We focus on the fragment THT 1 (X,R) (for the 
fragment THTi, details can be found in Appendix IVIII-BI) . 
The proof for THT 1 (X, R) is by contradiction. So, assume 
that there exists a THT 1 (X, R) formula p such that p is 
LTL satisfiable but there is no minimal LTL model of p. 
Let (T n ) n > 0 be any infinite sequence of LTL models of p 
satisfying the following: 

• To is any LTL model of p\ 

• for all n > 0, T n+ i is any LTL model of p such that 
T„_|_i c T„ and the following holds; 

Finite minimal requirement for 11 : there is no LTL model 
H of p such that H c T n and: (i) for all i E [0, n + 1], 
H(z) C T n+ i(z), and (ii) for some i E [0,n+ 1], H(i) C 

T n+1 (^)* 

By hypothesis, such a sequence (T„) n >o exists. Let T be 
the LTL interpretation defined as follows: for all 1 > 0, 

TOO := f| 

n> 0 

We will show that T is a minimal model of p, which 
contradicts the assumption. Hence, the result follows. First, 
we observe the following. 

Claim 1: 1 ) T„_)_i C T„ and T C T„ for all n > 0; 

2 ) for all i > 0 , there is k > 0 such that for all n > k, 

T„(0 = T(0; 

3) for all H cT, H P- 

Proof of Claim 1: Properties 1 and 2 directly follow by 
construction. For Property 3, let H C T, and n be any natural 
number such that for some i E [0,n + 1], H (*) C T(i). By 
Property 1 > T C T n+ i and Tn+l c T„. Hence, H cT„ and: 
(i) for all i E [0,71+ 1], H(i) C T n +i(i), and (ii) for some 
i E [0,n+ 1], H(i) C T n+ i(z). Thus, by the finite minimal 
requirement for n, H [^ltl P- M 

Next, we prove the following. 

Claim 2: Let <p be a THT 1 (X, R ) formula and 1 > 0 such that 
T, i |=ltl ~ , (p- Then, there is k > 0 such that for all n > k, 
T n , i [=ltl -'ft- 

Proof of Claim 2: first, we recall that for a THT formula %p 
(considered as LTL formula), the LTL normal form of ip is 
obtained by pushing inward negations to propositional literals 
using De Morgan’s laws, the duality between U and R, 
and the fact the in the classical interpretation of implication, 
formula £1 —> £2 can be rewritten as -+1 V pi- If i s the LTL 
normal form of ip, then ip and ip' are globally equivalent, i.e., 
for all LTL interpretations T and positions i > 0, T. i Ktl 
iff T, i |=LTL Ip'- ^ 

Now, we prove Claim 2. Let <p be a THT 1 (X, R) formula 
and i > 0 such that T ,i \= -up. The proof is by induction on 
the structure of the normal form ip of -up. We crucially use 
the following fact: since cp E THT 1 (X, R), every subformula 
of ip of the form ipi R +2 is positive , i.e. ip\ R ipi € THT 0 . 





















• ip = p or ip = —<p for some p £ P: the result directly 
follows from Claim 1(2). 

• ip = %j)i V 'tp 2 or ip = ip\ A ip 2 ’- the result easily follows 
from the induction hypothesis. 

• ip = Xt[; t : we apply the induction hypothesis on ipi and 
position i + 1 . 

. ip = 'i/jjU ip 2 ’. hence, there exists j > i such that T, j |=ltl 
tp 2 and T, m |=ltl tpi for all m £ [i,j — 1], By applying 
the induction hypothesis, there exist ki,...,kj such that 
T n ,j |=ltl ^2 for all n > kj, and for all m £ [i,j — 
1] and n > k m , T n ,m |=ltl V’i- Thus, by taking k = 
max({fci,..., kj}), the result follows. 

• ip = ipiRip2- hence, ipiRip2 is a positive formula, i.e., 
V’lR ^2 £ THT°. Evidently, for all LTL interpretations H 
and H' such that H L H’ and for all positive formulas £, 
H, i (=ltl C implies H\ i |=ltl C- Thus, since T C T n for 
all n > 0 , the result follows. 

□ 

Since T„ is an LTL model of ip for all n > 0, by Claim 2, 
we deduce that T |=ltl P- Thus, by Claim 1(3), T is a minimal 
LTL model of p which concludes. ■ 

We establish now the main results for THT 1 (X, R ) and THT ]. 

Theorem IV.4. A THT 1 ( X , Ft ) ( resp., THT 1 ) formula p 
has an equilibrium model iff p is LTL satisfiable. More¬ 
over, CON^THT 1 (X, /-?)) amd CON^THT 1 [R]) are Pspace- 
complete, while CONiTHT 1 ) is NP -complete. 

Proof: For the first part of Theorem IIV.4I if p has an 
equilibrium model, then by Proposition III. 11 31. p is LTL 
satisfiable. For the converse direction, assume that p is LTL 
satisfiable. By Theorem IIV.3I p has a minimal LTL model 
T. Since p £ THT 1 , by Proposition 111.11 3-41. (T,T) is an 
equilibrium model of p. 

By well-known lower bounds for LTL lfl 6 ) . ||24 |, LTL- 
satisfiability for the fragment THT 1 )R ) is PsPACE-hard. Thus, 
since LTL satisfiability is PsPACE-complete, and LTL satisfia¬ 
bility for the fragment THT[ is NP-complete l24l . the second 
part of Theorem IIV.4I follows as well. ■ 

2) The fragment THT 1 (X. U): For this fragment, we show 
that the TEL consistency problem can be reduced in linear¬ 
time to LTL-satisfiability. 

Given an interpretation (H,T) and a position i > 0, i is an 
empty position of (H,T) if H(i) = 0. A total interpretation 
having a finite number of non-empty positions is said to be 
almost-empty. A THT formula p satisfies the almost-empty 
requirement if every temporal equilibrium of p is almost- 
empty. We first observe the following. 

Lemma IV.2. Let p £ THT 1 and satisfy the almost-empty 
requirement. Then, there exists an equilibrium model of p iff 
the following formula is LTL-satisfiable 

pA FG /\ ->p ( 1 ) 

p£P 

Proof: Let (T, T) be an equilibrium model of p. Since p 
satisfies the almost-empty requirement, by Proposition III. 11 31. 


T is an LTL model of formula {Q>. Now, assume that for¬ 
mula i|T]i has an LTL-model. Hence, there is an almost-empty 
interpretation (T, T) such that T |=l.tl P and (T, T) |= p. Since 
the number of non-empty positions of T is finite, we can also 
assume that for all H C T, H ^=ltl P (i.e., T is a minimal 
LTL model of p). Since p £ THT 1 , by Proposition III. 11 41. 
there is no H C T such that (H,T) \= p. Thus, (T,T) is an 
equilibrium model of p, which concludes. ■ 

Next, we establish that the formulas in the fragment 
THT(X, U) satisfy the almost-empty requirement. For this, 
we need additional definitions. For a THT formula p, dx{p) 
denotes the nesting depth of modality X in p. 

Definition IV.l (Set of witnesses for THT(X,U)). Let p 
be a THT(X, U) formula and M = (T.T) be a total in¬ 
terpretation. We denote by Fin(p, M) (resp., Inf(p, M)) the 
set of subformulas ip\ U ip 2 of p such that the number of 
positions i so that M, i \= ip 2 is finite and non-empty 
(resp., infinite). Note that Fin(p, M) C\ Inf(p, M) = 0. For 
tfi U f )2 € Fin(p , M) UInf(p, M), a witness of M for %j)\ U 'ip 2 
is a position j such that M. j \= ip 2 - 

Let Fin(p, M) = ..., f k }. Fix an ordering £i,..., 

of the subformulas in Inf(p, M) such that for all i,j £ [1 ,m\, 
if i f j and G: is a subformula of fj, then i > j. A set of 
witnesses of M for p is any set of the form 

{(0; (jli 01)! • ■ ■ i (jk> */*&)} Li {(^- 1 ; Cl)) ■ • • ) (Lm , Cm)} 

such that the following holds, where £ = max({ji, ■ ■ •, jk})- 

• ji is the the greatest witness of M for (f for all i £ [1, k\; 

• hj is a witness of M for C j for all j £ [1, to]; 

• hi > £ + dx(p) and hj + i > hj + dx(p) for all j £ 

[1 , m 1]. 

Note that by definition of Inffp, M), sets of witnesses of M for 
p exist. Moreover, such sets have cardinality at most |^j| + 1. 

Lemma IV.3. Let p be a THT(X. U) formula and M be an 
equilibrium model of p. Then, M is almost-empty. 

Proof: Fix a set of witnesses W of M = (T,T) for p. 
Let £ be the greatest position occurring in W. We define an 
LTL interpretation H w E T as follows: 

• for all i > 0 , H w{i) = T(i) if i < £ + dx{p), and 
Hn/(i) = 0 otherwise. 

We show that Hw = T, hence, M = (T,T) is almost 
empty, and the result follows. For this, since M = (T, T) is an 
equilibrium model of p, it suffices to prove that (Hiy, T). 0 |= 
p. Since (0, p) £ W, the result directly follows from the 
following claim, which can be proved by structural induction 
on by using Definition II V. 1 1 and Proposition III.11 11. For 
details, see Appendix IVIII-CI 

Claim: let (j, ip) £ W and C be a subformula of ip. Then: 

1 ) for all k £ [OjflfxW] such that dx{ C) < dx{ip) — k, 

(T-T ),j + k \=£ijf (H w ,T),j + k h C- 

2 ) for all k £ [ 0 , j], (T,T),fc |= C iff (RwJ),k |= C- 

■ 

By well-known lower bounds for LTL fT 6 l . Il24ll . LTL- 
satisfiability of formulas of the form p A FG -<p, where 

p£P 













p is a THT 1 (U) formula is PsPACE-hard. Thus, since LTL- 
satisfiability is PsPACE-complete, by Lemmata IIV.2I and IIV.3I 
we obtain the following result. 

Corollary IV. 1. The TEL consistency problems for 
THT 1 (X, U ) and THT 1 (U) are PSPACE -complete. 

C. The fragment THT(X, F) 

It is well-known that LTL-satisfiability for the LTL fragment 
corresponding to THT(X, F) is already PSPACE-complete [16]. 
By contrast and surprisingly, we show that the TEL consis¬ 
tency problem for THT(X, F) is just E 2 -complete. 

The size of an almost-empty total interpretation (T, T) is 
h + 1 where h is the smallest position such that T(i) = 0 for 
all i > h. The main result for THT(X, F) is as follows. 

Proposition IV. 1. Let p be a THT(X. F) formula. If p has an 
equilibrium model, then p has an almost-empty equilibrium 
model of size at most |<p| 3 . 

Given a THT(X, F) formula p, nondeterministically guess¬ 
ing an almost-empty total interpretation (T, T) of size at 
most |(/?| 3 and checking that (T,T) satisfies p can be done 
in polynomial time. Moreover, universally guessing H c T 
and checking that (H,T) does not satisfy p can be done in 
polynomial time. Hence, since CCW(HT) is E 2 -complete, by 
Proposition II V. 1 1 we obtain the following. 

Corollary IV.2. The TEL consistency problems for 
THTiX. F), THT(X), and THT(F) are ^-complete. 

We now proceed with the proof of Proposition II V. 1 1 which 
consists of the following two Lemmata IIV.4I and IIV.5I 

Lemma IV.4. Let p be a THT(X, F) formula and M — ( T. 7) 
be an equilibrium model of p. Then, M has at most dx(p) • 
(|</?| + 1 ) non-empty positions. 

Proof: Let W be a set of witnesses of M for p according 
to Definition IIV. 1 1 By Definition IIV. 1 1 W has cardinality at 
most \p\ + 1. Now, we define an LTL interpretation H w E T 
as follows: for all i > 0, if there is ( j, ip) £ W such that 
j < i and i — j < dx(p), then H w(f) = T(i); otherwise, 

HM*)= 0 - 

By construction, the set of non-empty positions of the 
interpretation (H^y,T) has cardinality at most dx{p)-{\p\ + L). 
We show that H w = T, hence, the result follows. For this, 
since M = (T, T) is an equilibrium model of p, it suffices 
to prove that (Hvy,T),0 |= p. Since (0, p) £ W, the 
result directly follows from the following claim, whose proof, 
based on Definition IIV. 11 and Proposition III. 11 11. is given in 
Appendix IVIII-DI 

Claim: for all (i,ip) £ W, k £ [0 ,dx(if>)\, and subformulas 
£ of ip such that dx(f) < dx(ip) — k, (T,T),i + k \= £ iff 
(Hw,T),i + k (= £. ■ 

The following result is straightforward (for details, see 
Appendix I VII I - Eb . 

Lemma IV.5. Let p be a THT(X. F) formula, n > 1, and 
M = (T, T) be an equilibrium model of p having n non-empty 


positions. Then, there exists an almost-empty equilibrium 
model of p of size at most n ■ ( dx(p) + 1 ). 

V. Minimal LTL satisfiability 

In this section we establish the complexity of the minimal 
LTL satisfiability problem , i.e., checking for a given THT 
formula p, whether p has a minimal LTL model. 

Theorem V.l. Minimal LTL satisfiability is Expspace- 
complete even for the syntactical fragment THT), (F. G). 

Proof: For the lower bound, let I be an instance of 
the domino tiling problem considered in the proof of Theo- 
rem lHI.ll and px be the THT 2 1 (F, G) formula of Lemma lIH.ll 
We show that pi has a minimal LTL model iff px has an 
equilibrium model. Hence, by Lemma IIII. II the lower bound 
of Theorem IV. 1 1 follows. Since px is a THT 2 1 (F, G) formula, 
if px has a minimal LTL model T, then by Proposition III. 1 1 3- 
4), (T, T) is an equilibrium model of px- For the converse 
implication, let (T,T) be an equilibrium model of px. We 
assume that T is not a minimal LTL model of px and derive 
a contradiction. Hence, by Proposition III. 11 31. there is H d T 
such that H |=ltl Pi and (H,H) |= px. By the proof of 
Lemma IIII. II 

PX — Ppseudo A (u V Pbad ) 

where p pse udo and Pbad are the THT 2 (F,G) formulas of 
Propositions IIII. II and IIII. 31 respectively. Moreover, (T.T) is a 
good pseudo-tiling code for THT 2 (F, G). Since (H,H) |= px 
and H d T, by Proposition lHI.il and Definition lHI.il it follows 
that (H,T) is a good pseudo-tiling code for THT 2 (F,G) 
and u H(0). Thus, since H |=ltl Px, we have that 
H |=ltl pbad- By Propositions IIII. II and IIII.31 we obtain that 
(H, T) satisfies px. This contradicts the assumption that (T, T) 
is an equilibrium model of px, and we are done. 

For the upper bound, we exploit an automata-theoretic 
approach. Let p be a THT formula. It is well-known ll25l 
that one can construct in singly exponential time a Biichi 
nondeterministic finite-state automaton (Biichi NFA) A v over 
2 P whose accepted language C{A) is the set of LTL inter¬ 
pretations which are LTL models of p. Moreover, given a 
Biichi NFA A over 2 P , it is straightforward to construct in 
quadratic time a Biichi NFA K(A) such that T £ C(K(A)) 
iff T £ C{A) and there is H c T such that H £ C(A). Hence, 
K(A„) accepts the set of LTL models of p which are not 
minimal. It follows that p has a minimal LTL model iff 

C{A V ) n [( 2 p r \ £(#04,))] / 0 ( 2 ) 

Now, checking non-emptiness of Biichi NFA can be done in 
NLogspace. Moreover, the ^.'-languages recognized by Biichi 
NFA are closed under intersection and complementation, and 
complementation involves a singly exponential blow-up. Thus, 
by well-known results ED-E). checking equation Q can be 
done in single exponential space, which concludes the proof. 

■ 

It is well-known that for both the considered standard 
version of LTL, whose interpretations are infinite words, and 
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fnitary LTL (i.e. LTL interpreted over finite words), satisfiabil¬ 
ity is Ps PACE-complete im On the other hand, Theorem lV.il 
highlights a meaningful difference arising from interpreting 
LTL over finite words or infinite words. Indeed, while for 
Unitary LTL, minimal satisfiability evidently coincides with 
satisfiability, for infinite words, minimal satisfiability turns out 
to be singly exponentially harder than satisfiability. 

VI. Conclusion 

We conclude with some observations and future research 
directions. We have provided a systematic study of the com¬ 
putational complexity of the TEL consistency problem by 
considering natural syntactical fragments of THT. Our com¬ 
plexity results show that there is no difference in tractability 
between implication height 2 and k with k > 2, and the 
same holds for the temporal height. Moreover, unlike in the 
case of LTL, in THT dual temporal modalities need to be 
considered independently from one another, and they have 
quite different computational costs. Additionally, we have 
shown that minimal LTL satisfiability has, in the general case, 
the same complexity as checking TEL consistency. However, 
for some of the considered fragments, we have a different 
scenario. An example is the fragment THTi where there is 
no nesting of temporal modalities: in this restricted case, 
the TEL consistency problem is NEXPTlME-complete, while, 
by Theorem IIV .31 mimimal LTL satisfiabilty coincides with 
LTL satisfiability, the latter being just NP-complete for the 
fragment THTi l24l - 

Another subclass of THT formulas, called temporal logic 
programs (TLP) has been considered in l28l . j29l . TLP 
conforms to a logic programming style and corresponds to 
a fragment of THTj(X, F, G). As shown in |[28i . for the TEL 
consistency problem, the general case reduces in polynomial 
time to the case of TLP formulas. Thus, our results imply 
that checking TEL consistency for TLP is already EXPSPACE- 
complete@ 

As future research, we aim to address expressiveness issues 
for the TEL framework. In particular, since we have individu¬ 
ated some non-trivial tractable fragments such as THTi(X, G) 
and THT(X, F), it would be interesting to study what kind of 
temporal reasoning problems they can express. Moreover, an 
important question is to investigate from a semantical point of 
view the considered syntactical hierarchy of THT fragments: 
is this hierarchy also semantically strict with respect to THT 
and/or TEL semantics? Another relevant issue is to provide 
alternative characterizations of the class of TEL languages 
(the ^-languages of equilibrium models of THT formulas). 
It is known that this class is regular Gl An intriguing open 
question is whether TEL languages are LTL-expressible. 
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2 In (29) TLP rules are divided into four different syntactical fragments. 
Initial rules are in THTf (X); fulfillment rules are of two types, either in 
THT^G) or in THT 2 (F,G); while so-called dynamic rules fall in the 
fragment THT^X, G). 
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Appendix 

VII. Proofs from Section HTT1 


A. Full proof of Proposition \III.3\ 

Proposition III.3. One can construct in polynomial time a THT 2 (F. G) formula pbad over P\{u} 
such that for all total interpretations (T, T) which are good pseudo-tiling codes for THT> ( F. G), 
there exists a good pseudo-tiling code for THT 2 ( F. G) of the form ( H. T) with H f T and 
satisfying pi,ad iff there is no prefix of Twhose projection over P mal „ encodes a tiling. Moreover, for 
all good pseudo-tiling codes (H. T) for THT 2 (F, G) with H f T, (H. T) |= pbad iff H \ =ltl Pbad- 
Proof: In the proof, we use the following short-hands: 

Pmain Pmain \ { djinal } 

Rcell Pmain \ { F} 

Rcell Rcell \ { dfinal } 

A# = A \ {dfinal} 

Moreover, for an LTL interpretation T over P, we say that a prefix of T is incomplete if it has 
no position labeled by dfj na i- 

The THT 2 1 (F.G) formula Pbad is defined as follows: 


ip had — ifibadjn V phad_nid V phad_acc V phad_cell V phad\_first V pbadJasP 

{Pbad_inc V Pbad_ rr V Pbad_ cr 

where for a total good pseudo-tiling code (T, T), the different disjuncts in the definition of p^ad 
capture all the possible conditions such that no prefix of T encodes a tiling iff some of these 
conditions is satisfied. The construction of such disjuncts exploits the formulas 0{i\\P \,..., ik\Pk) 
of Proposition 1111.21 

The disjunct pbadjn checks that the content of the first cell is not 


Pbadjn — 11 {$}> , 31 A \ fPmain ) 


The disjunct pbad ord is used to check that either some $-position is preceded by an incomplete 
prefix and is followed by a A-position, or some P num -position is preceded by an incomplete prefix 
and is followed by a $-position. 


bad_ord 


e(l\R mai n,2\{$},3\AA\P ma in) v #(2|{$},3|A, 4\P m 
9 (11 Rmain, 21 P m ,m , 31 { $ }, 41 P main ) 


V 


The disjunct pbad_acc asserts that there is no cell c preceded by an incomplete prefix such that c 
has content dfi na i and c is the last cell of a row (recall that for a pseudo-tiling code some position 
is labeled by dfi na j). 


> — n 

\J (0{l\Rmain, 2|{(*, 0)}, 3\P num A\{dfi na l}, 5| Pmain) V 

i =1 

9 (11 Rmain, 21 { (i , 0 )}, 41 {d fina i } , 51 P main ) ) 


bad_a.ee 






The disjunct tpbad_ceii is used to individuate segments in (An U {$})P+ m A + which are preceded 
by incomplete prefixes and such that the suffix in P+ m A + is not a correct encoding of a cell. 


\Pbad_cell 


(d,d')e(A\{d fina i})xA:d^d' 

s -v-' 

a cell contains two distinct elements in A 

i=n 

V V (0(l|i? ma! „,2|{(z,6)},3|{(z,6')},4|P™ !n )V 

*=1 (b,b’)e{0,l}:b^b' 

0(l\Rmain, 2|{(i, 6)}, 3\P num , 4|{(*, 6')}, 5| Pmain)) V 


two distinct bits in the encoding of a cell have the same bit position 


V [o(l\Rmain, 2|{(i, &)}, 3|{(j, 6')}, 4|P mai „) V 

((i,b)Xj,b'))&P„umX 

0( 11 , 21 {(«, b )}, 31 P num , 41 { (j, b 1 )} , 51 P mfll>) )) V 

V ^ 

the bit positions in the encoding of a cell are not ordered correctly 

i=n 

V ($(11 -Rmain) 2| Aft U {$}, 3|P„ Hm \ {i} X {0, 1},4|A,5| P main ) V 

i =1 

0(l|{$},3|P„ Mm \{i} x (0,l},4|A,5|P mfl; „)) 

S -v-' 

some bit position in the encoding of a cell is absent 


The disjunct cpbadjirst (resp., ipbadjast) checks the existence of rows which are preceded by 
incomplete prefixes and whose first (resp., last) cell has column number distinct from 0 (resp., 
T - 1 ). 


i=n 

^Pbad_first ~ v( @ (11 Rmain i 2|{$},3|P„, (ffl ,4|{(i,l)},5|P mfl/ „)V 

i= 1 


0(l|P mflI „,2|{$},4|{(i,l)},5|P mflI „)V 


0(2|{$},3|P„ Hm ,4|{(z,l)},5|P ma( „) V 0(2|{$},4|{(i,l)},5|P mfll „)) 


= 9(l\R main , 2|{(n, 0)}, 3| A, 4|{$}, 5|P ma( „) V 

i—n 

V 0(l\R main ,2\{(i, 0)}, 3|P„„,„,4|A, 5|{$}, 6|P mam ) 

i— 1 


Pbad_last 



The disjunct (fbadjnc selects adjacent cells in a row whose column numbers arc not consecutive; 
moreover, the rightmost cell is preceded by an incomplete prefix. 

•p had_inc (fl(l| R mai n, 2|Ar U {$}, 3|P„„ m , 4 |Ar, 5| P num , 6 |A, 7| P main ) V 

6»(1|{$}, S\P num , 4|A fl , 5|P„„ m , 6 |A, 7\P main )) A 

S v y 

mark by £3 and £5 the cell-numbers of two adjacent cells in a row 


V* bad. m inc 

where 'ipbadjrw asserts that the cell numbers marked by £3 and £ 5 , respectively, are not consecutive. 


%—n i=n 

^Pbad_inc A( F((*, 1 ) A £3) A F((i, 0 ) A £5)^ V V(f((aO)A£ 3 ) A F((i,l)A£ 5 )A 

i=l i —1 

j=i —1 j=n 

[ V (F(aO)At 3 )AF(0,l)At 5 ))V V V A S 3 ) A F((j, £>') a * 5 »]) 


j=i+lb,b'e{0,l}:b^b' 


The disjunct p ba d_ rr checks that there are two adjacent cells in a row which do not have the same 
color on the shared edge; moreover, the rightmost cell is preceded by an incomplete prefix. 


“pbad-iT \J ^ (11 Pmain: 2 \{d}, 3 \PnumA\{d'}, 5 \P main ) 

(d,d')G (A \{d fi „ai }) x A: d rig i, ( d ' )i eft 


Finally, the disjunct ip ba d_cr checks that there are two adjacent cells in a column which do not have 
the same color on the shared edge; moreover, the rightmost cell is preceded by an incomplete 
prefix. Formula p ba d_cr is defined as follows. 

(#(1| Rmain, 2 |P„ Hm , 3| Ar, 4| R ceUl 5|{$}, 6 | R ceU , 7\P„ um , 8 | A, 91 Pmain ) V 
@ ( 11 Rmain > 2 1 Pnum ? 3| A r , 4| R ce ii, 51{$} , 7\P mim , 8 | A, 9| P main ) V 
@ (11 Rmain 5 21 Pnum 1 3|AR,5|{$},6|P ce //,7|P m(m ,8|A,9|P„ Mi „)^ A ipbad_cr 

■ -v-- 

mark with £ 2 and £7 the cell-numbers of two cells c and c' of two adjacent rows 

where 'ipbad^r asserts that the cells c and c 1 whose cell-numbers are marked by the propositions 
£2 and £7 and whose contents are marked by the propositions £3 and £g, respectively, have the 
same column number but distinct color on the shared edge. 


i=n 

^bad_cr= f\ V (F((£, b) A £2) A F((z, b) A £7)^ A 
*=i be{o,i} 

V--V--' 

the marked cells c and c' have the same column number 

V (V(d A £3) A F(d' A £ s )) 

{d,d ')&AxA • d up ^(d! )down 

V -■-v-' 

the marked cells c and c' do not have the same color on the shared edge 

By construction and Pronosition 1111.21 ip had is a TFIT^G) formula which can be constructed 
in polynomial time. Moreover, for all good pseudo-tiling codes (H,T) such that H / T, if 
(H,T) |= pbad , then there is no prefix of T whose projection over P, nam encodes a tiling. On 
the other hand, by using Remark 1111.11 for each total good pseudo-tiling code (T, T) such that 












no prefix of T encodes a tiling, there exists a good pseudo-tiling code of the form (H,T) such 
that H / T and (H,T) satisfies <pbad- Hence, the first part of Proposition 1111.31 follows. For the 
second part, notice that by construction, tpbad is a positive boolean combinations of formulas ip 
such that either ip is a THT° formula, or ip is a formula of Proposition 1111.21 By the semantics 
of THT, for all THT° formulas ip and interpretations (H,T), (H,T) |= ip iff H |=ltl Thus, 
by Proposition 1111.21 it follows that for all good pseudo-tiling codes (H,T) for THT 2 (F,G) with 
H / T, (H,T) 1= ipbad iff H |=ltl Fbad- Hence, the result follows. ■ 


B. Proof of Theorem \III.1\ reductions for the fragments THTj ( G) and THTi(U) 

For the fragments THT 2 (G) and THT 2 (U ), we give distinct notions of pseudo-tiling code which in 
turn are different from the one adopted for the fragment THT 2 (F, G). Then, we give corresponding 
versions of Propositions IIII. II 1111.21 and 1111.31 

For an LTL interpretation T over P and i > 0, we say that i is an empty position of T if T (i) = 0. 

Definition VII.l (Pseudo-tiling codes for THT 2 (G) and THT 2 (U)). Let £ G 
{T/-/T|(G), 77-/7f(F/)}. An interpretation M = ( H,T) is a pseudo-tiling code for C if 
there is L E NU {oo}, with L being an empty position of T if £ = THTjiU), and L being oo 
otherwise, such that the following holds: 

• Pseudo-tiling T-requirement.- $ G 7(0) and the following holds: 

- for all 0 < i < L, T(i) D P ma m is a singleton and T(i ) n P„ m in = H(i) H 

- there is 0 < i < L such that dj\ na i G 7(i). 

• Full T-requirement; for all 0 < i < L, T(i) D P, ag = P tag and u € T(i). 

• H -requirement; if H f T, then 

- Case £ = THTf (G): there is k 0 0 G NU {oo} such that (i) for all i < k Q0 , H(i) n P tag is a 
singleton and u ^ H(i), and (ii) for all i > koo, H(i ) fl P tag = P tag and u G H(i). 

- Case £ = THT|(U ): for all 0 < i < L, H(i) fl P tag f 0. Moreover, if there is 0 < i < L 
such that either u G H(i) or \H(i) fl P tag \ > 2, then for all 0 < j < L, H(j) Cl P tag = P tag 
and u G H(j). 

Definition VII.2 (Slices and good pseudo-tiling codes for THT 2 2 (G) and THT 2 (U)). Let £ G 
{ THT ‘2 (G). THTi(U)}. For every pseudo-tiling code M = ( H. T) for £ such that H f T, the 
slice of (H,T) is defined as follows: 

• Case £ = THT|(G): the slice of M is H if u f H(i) for all i > 0 ; otherwise, the slice of 
M is the maximal prefix of H whose positions are not labeled by u (note that such a prefix 
is non-empty, othem’ise H = T). Observe that for every position i of the slice of M, there is 
exactly one proposition t in P tag such that t G H(i). 

. Case £ = THTf (U ): the slice of M is the maximal prefix of H consisting of non-empty positions. 

A pseudo-tiling code M = (H. T) for £ is good if whenever H f T and £ = THTodJ), then for 
all positions i of the slice of M, u f. H(i) and H(i) Fl P tag is a singleton. 

An interpretation M = (H,T) satisfies the empty suffix requirement if there is an empty position 
L of T such that for all i > L (resp., i < L), i is an empty position (resp., i is not an empty 
position) of T. Evidently, by Definitions IVII.ll and IVII.21 the following holds. 




















Remark VII.l. If M is a pseudo-tiling code for THTj ( U) which satisfies the empty suffix 
requirement, then M is good. 

The notion of pseudo-tiling code for C G {THT|(G),THT|(U )} can be captured by an C- 
formula. 

Proposition VII.l. Let C G { THT^iG), THTj(U)}. Then, one can construct in polynomial time 
an C-formula p pse udo such that ( H. T) \= p pseu do iff (H. T) is a pseudo-tiling code for C. 

Proof: Case C = THT^iG): we use the fact that (H,T) |= (~<u —> u ) iff u G T(0). 

T pseudo — $ A G( V ( p A A V)) a (-1 G \J p) A 

P ^Pmain p' £ Pmain \{p} P £ Pmain \{ dfinal } 

S -v---' 

pseudo-tiling T-requirement 


(-.«-►«) A G( V p) A G ([ V ip A p')\ — > u) A G (n — » G (u A A p)) 

PGPflg (P,P')£Ptag--P^P' P^Ptag 

X v 

Full T-requirement and H-requirement 

The first three conjuncts in the definition of p pseu do evidently capture the pseudo-tiling T- 
requirement. Moreover, since (H,T) |— (-1 u —> u) iff u G T(0), the last four conjuncts ensure the 
full T-requirement and the H -requirement. 

Case C = THT.^UJ): let q$ = f\ -1 p (characterizing the empty posititions). 

p&p 


Tpseudo 


$ a ( V ( p A A V) u rto) A -.(( \J p) U 770 ) A 

P^zPmain p' £ Pmain \ {p} p£ Pmain \ { dfinal } 

S -v---' 

pseudo-tiling T-requirement 

(( V p) u 7 w) A ([(V p) u V f (p a p')] ->«) a 

peP Mg peP (p,p')eP to? :p^p' 


(——> n) A (( \/ p) U -G ^(u A p) U 

PGP PGPag 


Full T-requirement and H-requirement 


The following Propositions IVII.2I and IVII.3I represent the versions of Propositions IIII.2I and IIII.3I 
for the considered fragments THT|(G) and THT|(U ). 

Proposition VII.2. Let C G {THTi(G), THT${U)}, t h ,... ,t ik be distinct propositions in P tag , 
and Pi, , Pj ; be non-empty subsets of P ma i n ■ Then, one can construct in polynomial time an 
C-formula Bit 1 1-Pi,. .., ik\Pk) satisfying the following: for all good pseudo-tiling codes (H. T) 
for C such that H f T, 

(H,T)\=6(i 1 \Pi,...,i k \P k ) iff 

the projection of the slice of (H,T) over P tag is 

either in {fq} + ... {t ik _ 1 } + {fi fc } W or in {^i} + • • ■ {U k } + , 
















and for all 1 < j < k, all the main propositions which label the segment of H marked by ti j are 
in Pj. 

Proof: Case C = THT^iG) : we use the fact that for a pseudo-tiling code (H,T) for THT^G) 
such that H / T, a position i > 0, and t £ P tag , formula t —> u holds at position i iff either 
t f H(i) or i is not a position of the slice of (H,T); moreover, if i is not a position of the slice 
of (H,T), then H(?) n P tag = P tag - Furthermore, for a pseudo-tiling code (H,T) of THT^G), 
H ^ T iff uf. H(0). 

9(ii\Pi,... ,ik\Pk ) = A A 

t£Ptag\{tii >•••»} 

S ---^ 

the slice is only marked by tag propositions in {t^ ,..., ti k } 

j=k 

A ([ g (*a u )\ —> u ) A 

3 =1 

'-V-' 

every tag ti . (J = 1 ,,k) marks some position of the slice 
j=k 

A G ((^ ->• u ) v V p) A 

j=i pep 

' --- 

the positions of the slice marked by . are labeled by main propositions in Pj 

A G(‘ij -* G(V *<.)) 

j =1 r =j 

'' - 

the tags tij mark the slice according to the order U 1 ,... ,ti k 

Case L = THT^iU): we use the fact that for a good pseudo-tiling code (H, T) for THT^U ) such 
that H / T, a € T(0), u ^ H(0) and for all the positions i of the slice of (H,T), H(i) n P tag is a 
singleton. In order to define the THT|(U )-formula 0(i\ \P\.... ,ik\Pk), we use for all t, f £ P tag 
and for all implication-free propositional formulas £, the following auxiliary THT|(U )-formulas 

V>(M') and <f>(£) 

v-(«,t') = (V p)u (t a [(V p) o t']) 

p£P pGP 

HO = (V p) u ^ 

pGP 

Formula r i/j(t, t') asserts that along the slice of the given good pseudo-tiling code for THT^U ), 
there is a position marked by t followed by a position marked by t'. Formula 0(f ) requires that 
there is a position along the slice, where £ holds. The THT^U )-formula 9(ii\Pi,... ,ik\Pk) is 
defined as follows. 


9(ii\Pi,... ,ik\Pk ) 


j=k-l 

( A iHfOf+S) A ■ ■ ■ Pk\Pk)—> u) 

3 = 1 

s v y 

partial order requirement 



'ipiiilPi ,.. -,ik\Pk) 


^Pfag\{ti 1 } 


V 


some position in the slice is marked by some t eP^\{u lt ...,u h } 

( V (XM') a v 

Ptag x Ptag:t^t' 

' s v ** 

in the slice, a t' -marked position occurs between two i-marked positions with t ^ t' 

(V V ^ A p ">) 

3 = 1 P£Pmain\Pj 

'-V-' 

for some 1 < j < k, a t^. -mai'ked position in the slice is labeled by a (\ Pj) -proposition 


Proposition VII.3. Let C G { THTdy (G), THTjOJ )}. Then, one can construct in polynomial time 
an C-formula pi,ml such that for all total interpretations (T. T) which are pseudo-tiling codes for 
C, there exists a good pseudo-tiling code for C of the form (H. T) with H f T and satisfying 
Tbad iff there is no prefix of T whose projection over P m(un encodes a tiling. 

Proof: The T-formula p bad is defined as follows 

Pbad — phad_m V phad_ord V pbad_acc V phad_cell V pbadJirst V pbadjast 'h 
^Pbad_inc V Pbad_ rr V Pbad_ cr 

where for a total pseudo-tiling code (T, T) for C, the different disjuncts in the definition of (p b ad 
have the same intended meaning as the homonym disjuncts in the proof of Proposition 1111.31 In 
particular, they capture all the possible conditions such that no prefix of T encodes a tiling iff 
some of these conditions is satisfied. The construction of such disjuncts exploits the formulas 
9(ii\Pi,... ,ik\Pk) of Proposition IVII.21 In particular, all the above disjuncts - except < Pbadjnc 
and pbad_cr - are defined as the homonym disjuncts in the proof of Proposition ITU.31 but we use 
the formulas 6(i\\Pi,.. . . | f\.) of Proposition IVII.21 instead of the formulas of Proposition 1111.21 

The construction of pbadjnc and p b ad_cr is as follows. Recall from the proof of Proposition ITU..3 1 
that for an LTL interpretation T over P, a prefix of T is incomplete if it has no position labeled 

by dfinal ■ 

We use the following short-hands: 

LI,nan, P/nain \ { (final } 

Pcell Pmain \ 

Pcell Pcell \ { 9fnal } 

Ar = A \ {dfinal} 

For a good pseudo-tiling code (H,T) for C such that H / T, the disjunct p bad j nc selects along the 
slice adjacent cells in a row whose column numbers are not consecutive; moreover, the rightmost 
cell is preceded by an incomplete prefix. In order to define Pbadjnc, we use the following auxiliary 
^-formulas &(p, t) where p G Pmain and t <E P tag : 



















Case C = THT|(G): 


<f>(p,t) = (G[(t->u)V \J p']j -y u 

P' €Pmai„\{p} 


. Case C = THT2(U): <f>{p,t) = ( \J p') U (pAt) 

p'gp 

It is easy to check that for a good pseudo-tiling code (H,T) for C such that H / T, (H,T) |= 
<j)(p, £) iff there is a position i of the slice of (H, T) marked by £ and where p holds. The formula 
<Pbadjnc is defined as follows: 

^Pbad_inc — ( d ( 1 Rmain • 2|A r U {$},3\P num ,4:\A R , 5|P„„ m ,6|A, 7\P ma i n ) V 

<9(1|{$}, 3\P num A\A R , 5\P num , 6|A, 7\P m ai n )) A 

S -v-' 

mark by 1 3 and £5 the cell-numbers of two adjacent cells in a row 

VW_ inc 


where Vwtjnc uses the above formulas cf>(p. £) and asserts that the cell numbers marked by £3 
and £5, respectively, are not consecutive. 


L=n i=n 

Pbadjnc = /\(<M(a t),*3) A <f>((i,0),t 5 )) V \J (j>((i,0),t 3 ) A l),t 5 ) A 


2=1 


i —1 


j=i —1 

[ V (^((A °)> ^ 3 ) A 1), £ 5 )) V V V (</>((j,&),£ 3 ) A^((j,6'),£ 5 )) 

i=l j=i+16,6'e{0,l}:6^6' 


j=n 


Finally, the disjunct ipbad_cr checks that, along the slice, there are two adjacent cells in a column 
which do «o£ have the same color on the shared edge; moreover, the rightmost cell is preceded 
by an incomplete prefix. Formula p>bad_cr is defined as follows. 

(0 (11 Rmain , 21 P num , 31 A#, 41 R ceU , 51 { $ }, 6 1 R ce ll , 71 P num , 81A, 91 P main ) V 
0 (11 Rmain , 21 P„„,„, 31 A.r , 41 R ce u , 51 { $}, 7| P num , 8 1A, 91 P main ) V 

@ ( f | Pmain i 2 1 Pnum i 3|Aft,5|{$},6| Rcell , 71 P„„,„, 8 1A, 91 P main ) ^ A 1pbad_cr 

- ■ —--- 

mark with 1 2 and £7 the cell-numbers of two cells c and d of two adjacent rows 

where Vw_cr asserts that the cells c and d whose cell-numbers arc marked by the propositions £2 
and £7 and whose contents are marked by the propositions £3 and £§, respectively, have the same 
column number but distinct color on the shared edge. For the construction of Vw_cr> we use the 
£-formulas 0(p. £) (where p € P ma in and £ € P tag ) exploited in the construction of tpbadjnc- 


1pbad_cr 


i=n 

A V (‘KM)’ *2) A b), £7)) A 

i= 1 6G{0,1} 

"-V-' 

the marked cells c and c' have the same column number 


V {(f>(d,t 3 ) A<f>(d',t 8 )j 

(d,d')£AxA:d up ^(d') down 

S -v-' 

the marked cells c and d do not have the same color on the shared edge 



By using Propositions IVII. ll and IVII3] we prove the following result from which Theorem 1111.11 
for the fragments THT^G) and THT^U ) directly follows. 

Lemma VII.l. Let C £ { THTj 1 (G). THT^i U) }. Then, one can construct in polynomial time an 
C-formula px such that there is a temporal equilibrium model of px iff there is a tiling of I. 
Proof: Let p pseu do be the /2-formula of Proposition IVII. 11 and pbad be the /2-formula of 
Proposition IVII.3I Then: 

Pi — Ppseudo A (it V Pbad) 

Now, we prove that the construction is correct. First, assume that there exists a temporal 
equilibrium model (T,T) of px ■ By construction of px and Proposition IVII. 1 1 (T,T) is a pseudo¬ 
tiling code for /2. If no prefix of T encodes a tiling, by Proposition IVII. 31 there exists HcT such 
that (H,T) |= pbad and (H,T) is a good pseudo-tiling code for £; hence, by Proposition IVII. 1 1 
(H,T) satisfies px, which contradicts the assumption that (T,T) is a temporal equilibrium model. 
Thus, some prefix of T encodes a tiling, and the result follows. 

Now, assume that there exists a tiling / of X. Assume that /2 = THT|(U) (the other case 
being simpler). Let (T,T) be any pseudo-tiling code for THTf(U) satisfying the empty suffix 
requirement such that the projection of some prefix of T over P, lull „ is an encoding of /. Note that 
such a (T, T) exists. Since u £ T (0), by construction and Proposition lVII.il (T, T) satisfies px- We 
assume that (T, T) is not an equilibrium model and derive a contradiction, hence, the result follows. 
Thus, there is H C T such that (H,T) |= px- By construction and Proposition IVII. II (H,T) is 
a pseudo-tiling code for THT|(U). Since (T, T) satisfies the empty suffix requirement, (H,T) 
satisfies the empty suffix requirement as well. Thus, by Remark rVII.il (H,T) is a good pseudo¬ 
tiling code, and in particular, u H(0). Since (H,T) |= px, by construction, (H,T) |= pbad- 
Thus, by Proposition IVII. 31 there is no prefix of T which encodes a tiling. This contradicts the 
hypothesis, and we are done. 


























C. Proof of Proposition \I1I.4\ 

Proposition III.4. One can construct in polynomial time a THTf(F, G) formula Fpseudo such that 
(H,T) \= Ppseudo iff {H, 7) is a pseudo-tiling code for THT 2 (F. G ). 

Proof: We use the fact that (H,T) |= (->u —> u) iff u E T(0). The THT^fF. G) formula Fpseudo is 
defined as follows: 

Fpseudo = (-'U Uj A FT A Ffull A FH 

where tpj, Ffuiu and 93 h are THT} (F. G j formulas, and: pj ensures the pseudo-tiling T- 
requirement, ipf u u together with the conjunct ->it —y u ensures the full T-requirement, and 93 h 
together with the conjuncts ->u —> u and ipf u u guarantees the Fl-requirement. 

i=n 

Ft = G \/ (d A /\ _1 ^ / ) A f\ f\ G \J ((T,i,b) A 1 — &)) A 

g£eA d'EA\{d} i=l rG{r,c} 6 e{0,1} 

2 = 77 . %—Tl 

F ^dinit A A A (r, i, 0)^ A F^d A „ a/ A A A 

l =l re{r,c} *=1 r€{r,c} 

v s v- s 

v- V- 

initialization acceptance 


Fjull = Fit G(u A /\ p) 

p£Pag 


FH = G (ft V t 2 V f 3 V /\ /\ \/ (r, i, &)) A ->■ it) 

i=l rG{r,c} 6 e{0,1} 


^ Pbadjr\ 


F(fi Vf 2 v £ 3 ) A F( \/ f) 

^2 ,t 3 } 


v F[ V (iAt')]V 


V V [(F(T,i,0))A(F(T,i,l))] 

*=1 -r€{r,c} 


D. Proof of Theorem I///.2I for the fragments THT 2 (U) and THT 2 ( R ) 

Encoding of tilings: The notions of cell-codes and cell-number codes (over P tag ) are defined as for 
the reduction given for the fragment THTf(F, G). However, a tiling / : [0, 2 n — 1 ] x [0, 2 n — 1 ] —» A 
(of the given instance T) is encoded by finite words (and not infinite words) w over 2 p ”""" satisfying 
the following, where |?n| denotes the length of w: 

• for all i,j E [0, 2 n — 1], there is 0 < h < |m| such that w(h) is the cell-code of the ( i,j) th cell 
of /; 

• for all 0 < h < |io|, w(h) encodes the cell of / for some i,j E [0, 2 n — 1], 













Reductions for THTf(U) and THTf(R): for these two fragments, we give two slightly different 
notions of pseudo-tiling code which in turn are different from the one adopted for the fragment 
THT?(F,G). Then, we provide corresponding versions of Propositions IIII.4I and 1111.51 
Recall from Appendix IVII-BI that for an LTL interpretation T over P and for i > 0, i is an empty 
position of T if T (i) = 0. An interpretation M = (H,T) satisfies the empty suffix requirement if 
there is an empty position L of T such that for all i > L (resp., i < L), i is an empty position 
(resp., i is not an empty position) of T. 

Definition VII.3 (Pseudo-tiling codes for THTffU )). An interpretation M = (H,T) is a pseudo¬ 
tiling code for THTf( U) if there is an empty position L of T such that the following holds: 

• Pseudo-tiling T-requirement: for all 0 < i < L, T(i ) n P ma i n is a cell-code and H(i ) fi P ma in = 
T(i) fl P ma in • Moreover, 

— there is 0 < i < L such that T(T)C\P mam has row-number 0, column-number 0 and dj n i t g m 
(initialization); 

— there is 0 < i < L such that T(i) fl P mam has row-number 2 n — 1, column-number 2 n — 1, 
and dfi na i £ T(i) (acceptance). 

• Full T-requirement: for all 0 < i < L, T(i ) Fl P tag = P tag and u € T(i). 

• H-requirement: for all 0 < i < L, either H{i) n P} f 0, or there is a cell-number code 

P' C Pt a g such that P' C H(i). Moreover, if the following goodness condition is not satisfied, 
then for all 0 < i < L, H(i ) = Hi): 

Goodness condition: for all 1 < i < L, u f H(i) and 

— either there is a cell-number code P' C I f ,,, such that for all 0 < i < L, H{i) n P tag = P'; 

— ox for all 0 < i < L, H(i) n P tag is a singleton contained in {t \ -t‘>- fi }■ 

The slice of (H. T) is the prefix of H of length L (i. e., the maximal prefix of H consisting of 
non-empty positions of T). 

Definition VII.4 (Pseudo-tiling codes for THTffR )). An interpretation M = (H,T) is a pseudo¬ 
tiling code for THTf ( R ) if there is an empty position L of T such that the following holds: 

• Pseudo-tiling T-requirement: for all i > 0, either i is an empty position of T, or T(i) n P mmn 
is a cell-code and H{i) fl P ma i n = T{i) fl P ma i n ■ Moreover, 

— there is 0 < i < L such that T(i)C\P ma i n has row-number 0, column-number 0 and dj n i t £ T(i) 
(initialization); 

— there is 0 < i < L such that T(i) Fl P ma i n has row-number 2 n — 1, column-number 2 n — 1, 
and dfinai £ T(i) (acceptance). 

• Full T-requirement: for all non-empty positions i of T, T(i) (T P ta g = Ptag and u € T(i). 

• H-requirement: for all non-empty positions i of T, either H{i ) D {1 1 ■ f -2 5 f 3 } f 0. ° r there is a 
cell-number code P' C P tag such that P' C H(i). Moreover, if the goodness condition is not 
satisfied, then H = T, where the goodness condition is defined as in Definition \VII.3\ 

The slice of (H. T) is defined as in Definition \VII.3\ 

A pseudo-tiling code for THTHU ) (resp., THT^(R)) M = (H,T) is good if whenever H f T, 
then M satisfies the goodness condition. Evidently, the following holds. 

Remark VII.2. If M is a pseudo-tiling code for THTf 2 (R), then M is good. Moreover, if M is a 
pseudo-tiling code for THT-f(U) which satisfies the empty suffix requirement, then M is good. 












The following Propositions IVII.41 and IVlOl represent the valiants for the fragments THTjj R ) 
and THT \ (U ) of Propositions IIII.4I and 1111.51 

Proposition VII.4. Let £ € { THTf(U). THT±(R)}. Then, one can construct in polynomial time 
an C-formula <p pse udo such that ( H.T) |= c p pseu d 0 iff (H. T) is a pseudo-tiling code for £. 

Proof: The /^-formula p pseu do is defined as follows: 


£ P seudo u t u\ A At A Tfuii £ Ah 


where tp r, Pf u ii, and ah are £ formulas, and: at ensures the pseudo-tiling T-requirement for £, 
Tfuii together with the conjunct -<u —> u ensures the full T-requirement for £, and ah together 
with the conjuncts ->u —> u and a/«// guarantees the H-requirement for C. 

We use the propositional formula 770 = f\ -'P (which characterizes the empty positions). 

P&P 

Case £ = THTf (U ): for each propositional formula £, let ?/>(£) be the THT^(U )-formula given 
by 

HO = ( V 0 U £ 

p&P 


Then: 


At = 


[ (V ( d A A -,< 0) u % 

d'eA\{d} 


d& A 


A 


(AAV (( r >*» 6 ) A-, ( r >*> 1 - b 

i =1 rg{r,c} 6 g{0,1} 


U % 


A 


(^dinit A A A (r,i,0)) A f(d final A A A m,d) 

*=1 TS{r,c} *=1 re{r,c) 


initialization 


acceptance 


AH = 


A mi = HO -^(m A p ) u %) 

pCPtag 

i=n 

tivt 2 vt 3 vA A V (r, i, b)') U 770 J A (auh ->■ tt) 


i=l rG{r,c} 6 e{0,1} 

Awh = V f 2 V f 3 ) A H V *) v H V (fAf')]V 

,^ 2 ,^ 3 } t,t' £{ti 5^2 5^3 } •t^t' 

i=n 

V V [^(( r >*>°)) A^((r,i,l))] 

*= 1 -r€{r,c} 

Case £ = THTf(R): for each propositional formula £, let ^(£) be the THT^(R )-formula given 
by 

HO = £ R V ^ 

pgP 
























Then: 


<AT = (-'G \J p) A G(p 0 V \/ (d A f\ ->d')) A 

pGP deA d'EA\{d} 

z=n 

G(% v A A V ((aA^) A-<t,z ,1 - 6))) A 

i=l rG{r,c} &E{0,1} 

z=n z=n 

*0 ^ dinit A A A (t,z, 0 )) A ip(dfi na i A A A ( T ’ i > 1 )) 


*=1 T€{r,c} 


*=1 r€{r,c} 


initialization 


acceptance 


<Pfi,ll = ^{u) ->■ G ^770 V (it A /\ p)) 

pePmg 

i=n 

Ph = G (jio V ii V t 2 v t 3 V /\ /\ \/ (r, i, &)) A (y bad _ h -a it) 

i=l rE{r,c} 6 g{0,1} 


Vbad_H ~ 


v Z 2 v Z 3 ) A ip( \f t) V i/>[ \f (tAi')]V 

i—n 

V V [^(( r >*>0)) A^((r,i,l))] 

*=1 r€{r,c} 


Proposition VII.5. Let £ G { THT^ (U). THTf(Ft )}. Then, one can construct in polynomial time 
an C-formula p such that for all total interpretations M = (T, 7) which are pseudo-tiling codes 
for £, there exists a good pseudo-tiling code for C of the form ( H. 7) with H f T and satisfying 
Pbud iff die projection of the slice of M over P ma i n does not encode a tiling. 

Proof: First, we define some auxiliary formulas. As in the proof of Proposition IVII.41 for each 
implication-free propositional formula £, we consider the following L-formula ip(f). 

. Case £ = THT?(U ): ^(£) = ( \J p) u £ 

p£P 

. Case £ = THT^(R): = £ R ( \J p) 

pGP 

For a pseudo-tiling code M for £, the L-formula A(£) asserts that there is a position of the slice 
of M, where £ holds. 

Moreover, for all t,t' € {ti ,^ 2 ,^ 3 } and r € {r, c}, we construct an L-formula , r) such 
that for each good pseudo-tiling code (H,T) for £ with H ^ T, (H,T) |= <f>(t,t',r) (resp., 
(H,T) |= </>(t,f',c)) iff for all the positions of the slice of (H,T) which are marked by the 
propositions t and t', the associated cell-codes have the same row-number (resp., column-number). 


z =n 

f{t,t',T) = (\J Vt') A (T,i,0)) A i/>((tVt') A (r,i,l)) 


u 


z=l 













Then, the /2-formula tp bad consists of four disjuncts which are defined similarly to the disjuncts 
in the proof of Proposition 1111.51 hut for their construction, we use the above formulas ?/>(£) and 

m 

Fix C £ {THTi(U ),THTi(R)}. Let px be the /3-formula defined as follows: 

TX — Tpseudo A (it V pbad) 

where p pseui i„ is the /1-formula of Proposition I VII141 and tp bad is the /3-formula of Proposition IVII31 
By Propositions IVII.4I and IVII.51 ipx can be constructed in polynomial time. Moreover, by 
Propositions IVII.4I and IVII.51 we easily deduce the following result, hence, Theorem 1111. 21 for 
the fragment C £ {THT^(U ), THT^(R )} directly follows. 

Lemma VII.2 (Correctness of the construction). There exists a temporal equilibrium model of 
px iff there exists a tiling ofX. 

Proof: The proof is similar to the one of Lemma IVII. 1 1 in Appendix IVII-BI and we omit the 
details here. ■ 






















E. Proof of Lemma \HI.3\ 

In order to prove Lem in a fill. 31 we exploit a notion of similarity and contraction for interpretations. 

Definition VII.5 (Similarity and contraction). Let M and M 7 be two interpretations. We say that 
M 7 is a simulation of M if: 

. M(0) = M'(0) and M(l) = M'(l); 

• for all i > 0, there is i' > 0 such that M 7 (z 7 ) = M(i) and for all k! E [0, z 7 — 1], there is 
k E [0,z — 1] such that M 7 (/c 7 ) = M(fc). 

M and M 7 are bisimilar if M is a simulation of M 7 and vice versa. 

M 7 is a contraction of M if M 7 is of the form M(no), M(ni),..., where no < n\ < ... is an 
infinite sequence of increasing natural numbers such that there is k > 0 so that M(n ; ) = M(nfc + i) 
for all i > k +1, and the finite set of positions W = {no, • • •, n&} minimally satisfies the following 
conditions: 

• 0,1 E W; 

• for all * > 0, let i m be the smallest position such that M(z m ) = M(z). Then, i rn E W. 

We also say that M 7 is a contraction of M with respect to the sequence no < n\ < .... 

Note that a contraction of a total interpretation over P is a strongly ultimately periodic total 
interpretation of size at most 2 + 2l p L Now, we observe the following. 

Lemma VII.3. Let p E THT\ and M and M' be two interpretations. Then: 

• if M and M' are bisimilar, then M \= p iff M' \= p; 

• if M' is a contraction of M, then M and M' are bisimilar. 

Proof: Property 1: let M and M 7 be bisimilar. We show that M |= p iff M 7 j= p by induction 
on the structure of p. Since M(0) = M 7 (0) and M(l) = M 7 (l), the unique non-trivial cases are 
when p is either of the form p\ U p 2 or of the form p\ R p^. For these two cases, we consider 
the implication M (= p => M 7 |= p (the converse implication is symmetric). We crucially use the 
fact that since p E THTi, the subformulas p\ and p 2 have no temporal modalities. 

• Case p = pi U pp- let M |= p. Hence, there exists i > 0 such that M, i \= p 2 and M, k \= p\ 
for all k E [0, i — 1]. Since M 7 is a simulation of M, there exists i' > 0 such that M 7 (i 7 ) = M(i) 
and for all k' E [0, i! — 1], there is k E [0, i — 1] such that M '{k') = M(fc). Since p\ and p 2 
have no temporal modalities, we obtain that M 7 , i! |= p 2 and M 7 , k! |= p\ for all k' E [0, i! — 1]. 
Hence, M 7 |= p, and the result follows. 

• Case p = p\ R pp. let M \= p. By the semantics of R, there are two cases: 

- M.z |= p 2 for all i > 0: since M is a simulation of M 7 , for all i' > 0, there is i > 0 such 

that M 7 (i 7 ) = M(i). Thus, since p 2 has no temporal modalities, we obtain that M 7 ,i |= p 2 
for all i > 0, hence, M 7 |= p. 

- There is * > 0 such that M, i |= p\ A p 2 and M, k |= p 2 for all k E [0, i — 1]. We proceed 
as for the case of the until modality. 

Property 2: let M 7 = M(no), M(ni),... be a contraction of M with respect to the sequence 
no < n\ < .... We need to show that M is a simulation of M 7 and vice versa. Let i > 0. By 
construction, there is j > 0 such that M(nj) = M(i) and nj < i. Thus, since no = 0, ni = 1, 
and M 7 = M(no), M(ni),..., we obtain that M 7 is a simulation of M. 

Now, we prove that M is a simulation of M 7 . Let i' > 0. We need to show that there is i > 0 such 

that M(z) = M 7 (z 7 ) and for all k E [0,z — 1], there is k! E [0,i 7 — 1] such that M(/c) = M 7 (A: 7 ). By 






construction M 7 (i 7 ) = Mfn,/) and one of the following holds: 

• for all h > 0, there is k! £ [0, i! — 1] such that M(fi) = M 7 (&: 7 ) (in particular, i' is a position of 
the periodic part of M 7 ). In this case, by setting i = rii', the result follows. 

• is the smallest position h such that M(/r) = M / (z / ). We set i = n*/. Let k £ [0, n*/ — 1] and 
k m be the smallest position such that M (km) = M (k). Since k < n^, by construction, k m = ri} x 
for some h < i' and M 7 (fi) = M(n/i). Hence, the result follows. 

■ 

Now, we prove Lemma IIII.31 

Lemma III.3. Let p be a THT\ formula having some equilibrium model. Then, there exists a 
strongly ultimately periodic equilibrium model of p of size at most 2 + 2^1 
Proof: We assume without loss of generality that all the propositions in P occur in p. Let (T, T) 
be an equilibrium model of p and (T 7 ,T 7 ) be any contraction of (T, T). By construction, (T 7 ,T 7 ) 
is a strongly ultimately periodic interpretation of size at most 2 + 2^1. We show that (T 7 , T 7 ) is an 
equilibrium model of p, hence, the result follows. Since (T, T) is an equilibrium model of p, by 
Lemma IVII, 31 (T 7 ,T 7 ) |= p. Now, let H 7 IZ T 7 and M 7 = (H 7 ,T 7 ). It remains to show that M 7 y= p. 
Let no < n\ < ... be the infinite sequence of increasing natural numbers such that (T 7 ,T 7 ) is a 
contraction of (T, T) with respect to no < < .... In particular, T 7 = T(no),T(ni),.... Let M 

be the interpretation defined as follows: for each position rij along the sequence no < n\ < ..., 
M(nj) = (H 7 (j),T 7 (j)), and for each position i which does not occur along the sequence no < 
ni < ..., M(r) = (H 7 (/i), T(i)), where h is the smallest position such that T(i) = T '(h) (since 
(T',T 7 ) is a contraction of (T, T) with respect to no < < ... such a h exists). Evidently, M 

is of the form (H, T) with HcT, and M 7 = M(no), M(ni),.... Since (T 7 , T 7 ) is a contraction of 
(T, T) with respect to no < n\ < ..., one can easily show that M and M 7 are bisimilar. Thus, 
since M y=p ((T,T) is an equilibrium model of p), by Lemma lYII.31 the result follows. 


F. Proof of Lemma \III.4\ 

Lemma III.4. Given p £ THT\, the following holds. 

1) Let M and M' be two interpretations such that M 7 = M(nf), M{ri\),... where no < n± < ... 
is an infinite sequence of increasing natural numbers containing all the positions of some 
witness pattern of M for p. Then, for each subformula of p, M \= ip iff M' |= f. 

2) Let M = (T,T) be a total strongly ultimately periodic interpretation satisfying p of size m. 
Then M is an equilibrium model of p iff for each H IP T such that ( H. T) is a strongly ultimately 
periodic interpretation of size at most m + \p\ + 3, ( H.T) p. 

Proof: Property 1: The proof is by induction on the structure of fi. The non-trivial cases is when 
ip has an until or release modality as root operator. Hence, either p = p\U p 2 or p = p\Hp 2 
for some formulas p\ and p 2 which have no temporal modalities. Here, we focus on the case 
ip = p x \f p 2 (the case = p\Hp 2 being similar). First, assume that M |= pfid p 2 - Let i be the 
smallest position such that M,i [= p 2 . We have that M ,k |= p\ for all k £ [0, i — 1], and by 
Definition 1111.31 /. = rij for some j > 0. Thus, since M 7 = M(no), M(ni),..., no < n\ < ..., 
and pi and p 2 have no temporal modalities, we obtain that M 7 ,j |= p 2 and M 7 , h |= p\ for all 
h £ [0 ,j — 1]. Hence, M 7 |= p\\Jp 2 - 












Now, assume that M ^ <^iU p> 2 - If M Fy? 2 > then since IVT = M(no), M(ni),... and if 2 has no 
temporal modalities, we obtain that M' \j= Fy? 2 > hence, M ; ^ <^iU y> 2 . Now, assume that M |= Fip 2 - 
Let i be the smallest position such that M, * ^ tp\. Note that M,fc \/= p 2 for all k £ [0, *]. By 
Definition HIT. 31 i = rij for some j > 0. Thus, since IVT = M(no),M(ni),..., no < n\ < ..., 
and ipi and p >2 have no temporal modalities, we obtain that IVT.j y= ip± and M ',h \/= p 2 for all 
h £ [0, j]. Hence, IVT ^ p\\2 ip 2 , and we are done. 

Property 2: let (T, T) be a strongly ultimately periodic interpretation of size m and H C T. We 
prove that there is H m IZ T such that (H m ,T) is a strongly ultimately periodic interpretation of 
size at most m + \<p\ + 3 and for each subformula ip of ip, (H,T) |= ip iff (H m ,T) |= ip. Hence, 
Property 2 follows. 

Let M = (H,T) and = (Hvy,T w) be a witness extraction of M for p. Recall that = 
M(no), M(ni),..., where no < n\ < ... is a witness pattern of M for ip. Since H C T, by 
Definition IIII.31 Y\w c T^. Let j be the smallest position such that rij > m. Define M m = 
M(0),..., M(m), M(nj), M(n J+ i),.... Since Myi/ is strongly ultimately periodic of size at most 
\p\ + 3 and (T,T) is strongly ultimately periodic of size m, it holds that M m is a strongly 
ultimately periodic interpretation of the form M m = (H m , T) having size at most m + \p\ + 3 and 
such that H m (Z T. It remains to show that for each subformula ip of p, M |= ip iff M m (= ip. 
Since 0 < ... < m < rij < rij+\ contains all the positions of a witness pattern of M for p, the 
result directly follows from Property 1. 






VIII. Proofs from Section ITvI 


A. Proof of Theorem \IV.1\ 


By the semantics of THT and LTL, the following holds. 

Proposition VIII. 1. Let (H.T) be an interpretation and ip be a THT 0 formula. Then, (H. T) \= ip 
iff H |= LTL ip. 


By Proposition IVTTT.fl for a THT 0 formula ip and a total interpretation (T,T), (T, T) is an 
equilibrium model of <p iff T is a minimal LTL model of ip. Hence, Theorem IIV. 1 1 directly follows 
from the following result. 

Theorem VIII. 1. For THT 0 formulas, checking the existence of minimal LTL models is PSPACE- 
hard. 

Theorem IVTTT.11 is proved by a polynomial-time reduction from a domino-tiling problem for grids 
with rows of linear length ll22ll . An instance X = (C, A, n, d,„ ir , dfi na i) of this problem is as in the 
proof of Theorem lIII.il However, here, a tiling of X is defined as a mapping / : [0, k\ x [0, n—1] —>• 
A, i.e., the number of columns is n. It is well-known that checking the existence of a tiling for X 
is PSPACE-complete j22ll . We construct in polynomial time a THT°(X, F, G) formula ipx which 
admits a minimal LTL model iff there exists a tiling of X. Hence, Theorem IVTTT.1 1 follows. 

Encoding of tilings: We use the set P of atomic propositions given by P = {1,..., n} x A. 
Rows of tilings are encoded by finite words of the form {(1, cZi)} ... {(n. d n )}, and a tiling / 
is encoded by the finite word w over 2 P corresponding to the sequence of row encodings of /, 
starting from the first row of /. 

Construction of ipx: fix an LTL interpretation T over P. The LTL interpretation T is well-formed 
if for every position i > 0, T (i) is a singleton. T is almost well-formed if there exists a suffix of 
T which is well-formed. First, we observe the following. 

Lemma VIII. 1. One can construct in polynomial time a THT 0 (X, F, G) formula px such that 
for all LTL interpretations T which are almost well-formed, the following holds: 

• X |= px iff some suffix of T is of the form wq ■ w\ ■ such that Wi encodes a tiling for all i > 0 
(i.e., some suffix of T is the uj- concatenation of tiling encodings). 














Proof: The THT°(X, F, G) formula A’i is defined as follows. 


fi = GF((n, dfinai) A X (1, dinit)) a FG 

'- - -' 

initialization and acceptance 

i=n—l 

V [ (( n ) d) AX (1, d')) V \J ((i,d) AX(i + l,d')) 


d,d'E A 


A 


i=l 


there is a suffix which is a sequence of row encodings 
z=n—l 

(V ( n ’ d ) v V V ((M) AX(i+ l,d')) ) A 

de A 1=1 d'EA: ( d')ieft=d r i g ht 


71—1 


adjacent-row requirement 

i=n 


( V X J [( n ’ dfinai) A X ( 1 , V V y [(M) aX "(M')]) } 

d,d' £A: (d , ')d own =d U p 1 


j=0 


adjacent-column requirement 


Let V’x be the THT°(X,F,G) formula of Lemma IVIII.ll and 'ip no _ ce u be the propositional THT (I 
formula given by \J (p A 7 /). Then, the THT°(X, F, G) formula pz is defined as follows: 

p,p’&P.ppp' 

PX = G( \/ P) A (GF^no.ce//) V fz^j 

peP 

Correctness of the construction directly follows from the following lemma, which concludes the 
proof of Theorem IVTTT.1 1 

Lemma VIII.2. There is a tiling ofT iff there is a minimal LTL model of ipz- 
Proof: First, assume that there exists a minimal LTL model T of <pz- By construction of ipz, 
for all positions i > 0, T(i) 7 ^ 0. Hence, T is almost well-formed iff T ^=ltl GF (i/j no _ceii)- We 
claim that T is almost well-formed. We assume the contrary and derive a contradiction. Hence, 
T ^ltl GF (f) n o_ceii)- This implies that there exists HcT such that H |= GF (fno_ceii) and for all 
positions i > 0, H(z) 7 ^ 0. By construction of pz, we obtain that H |=ltl Px which contradicts 
the minimality of T. Thus, the claim holds, and by construction of pz, T is almost well-formed 
and T |= ifz- By Lemma IVTTT.1 1 some suffix of T is the u;-concatenation of tiling encodings. 
Hence, there exists a tiling of X. 

For the converse implication, assume that there exists a tiling / of X. Let T be the LTL 
interpretation given by (wf) u where wj is the encoding of /. Note that T is well-formed and by 
Lemma IVTTT.11 T is an LTL model of pz ■ Moreover, since T is well-formed, for all HcT, there 
exists a position i such that H(z) = 0. Hence, by construction of pz, H ^ltl Px- Thus, T is a 
minimal LTL model of pz and we are done. 


















B. Proof of Theorem \1V.3\ f or the fragment THT\ 

Theorem VIII.2. Let p be a THT\ formula which is LTL satisfiable. Then, there exists a minimal 
LTL model of p. 

Proof: First, we need additional definitions. A THTi formula p is in disjunctive normal form if 
p is of the form I) \ V ... V /)/,., where for all i £ [1, k\, Di, called main disjunct of p, is of the 
form 

V A (Xx) A (GVO A (CiU fi) A . .. A (£ m ll fra) 

where q has no temporal modalities. Since p \ R p 2 can be seen as a shorthand for (c^U Up\ A 
p 2 )) V G p 2 , given a THTi formula p, one can construct a THTi formula p in disjunctive normal 
form such that for all LTL interpretations T and positions i > 0, T, i |=ltl A iff T, i (=ltl f- 
Thus, without loss of generality, we can assume that the given LTL satisfiable formula p in THTi 
is in disjunctive normal form. 

Let D i,..., I)k be the main disjuncts of p and T be an LTL model of p. Hence, there exists 
i £ [1 ,k\ such that T |=ltl D{. We claim that there exists T, C T such that Tj is a minimal 
LTL model of Z?j. Before proving this, we first observe that the claim implies the existence of a 
minimal LTL model of p. Indeed, if there exists j f i and Tj IZ Tj such that Tj |=ltl Dj, by 
applying the claim, there must exist Tj C Tj such that Tj is a minimal LTL model of Dj and for 
all T" C Tj, T" is not an LTL model of Di. Thus, by iterating the reasoning to the remaining set 
{D\,..., Dj .} \ {Di, Dj} of main disjuncts, the existence of a minimal LTL model of p follows. 
Now, we prove the claim. The main disjunct D. L is of the form 

q A (Xx) A (Gr/0 A (CiU fi) A ... A (£ m U f m ) 

where q has no temporal modalities. Moreover, since Di £ THTi, the subformulas 
X, Vh Ci; Ai,..., Cm; fm have no temporal modalities. Since T |=ltl D,. for all j £ [1, m\, there 
exists the smallest position lj such that T, l } |=ljl fj (note that T, h |=ltl Cj for all h £ [0, lj — 1]). 
Let i = max({fi,..., £ rn , 1}) and T' be the LTL interpretation defined as follows: 

• for all n > 0, T 7 (n) = T(n) if n < £\ otherwise, T^n) is a minimal subset of T(n) such that 
T ' {n) satisfies the propositional formula p. 

By construction T CT and since q, x, Cl; 01; • ■ ■; Cm; fm are propositional formulas, T is an 
LTL model of D,. Moreover, for all LTL interpretations T" such that T" ( n) C T'( n) for some 
n > l, T" \fui Dj. Hence, the set of LTL interpretations T” such that T" IZ V and T" is an LTL 
model of Dj is finite. Thus, since T 1 C T, there exists a minimal LTL model T, of D, such that 
Tj L T, and we are done. 


C. Full proof of Lemma \IV.3\ 

Lemma IV.3. Let p be a THT(X. U ) formula and M = (T,T) be an equilibrium model of p. 
Then, M is almost-empty. 

Proof: Let <p and M = (T,T) be as in the statement of the lemma. We assume without loss of 
generality that p is not of the form if U r /?2 (otherwise, we consider the formula [p\ U ijp) AT). 






Fix a set of witnesses W of M for ip. Let i be the greatest position occurring in W. We define 
an LTL interpretation C T as follows: 

• for all i > 0 , Hjy(z) = T(z) if z < i + dx(p), and H \y(i) = 0 otherwise. 

We show that H w = T, hence, M = (T,T) is almost empty, and the result follows. For this, 
since M = (T,T) is an equilibrium model of ip, it suffices to prove that (Hyi/,T),0 j= ip. Since 
(0, (p ) £ W, the result directly follows from the following claim: 

Claim: for all (j, ip) £ W and subformulas £ of ip, the following holds: 

1 ) for all k £ [ 0 , dx{ip)\ such that ^x(£) < dx{f>) - k, (T,T ),j + k \= p iff (H w ,T),j + k (= £. 

2 ) for all k £ [ 0 ,j], (T,T), k (= £ iff (H w ,J),k 1= £; 

Proof of the claim: Let (j. if) £ W and £ be a subformula of ip. We prove Properties 1 and 2 by 

induction on the structure of £. We only consider the cases where £ has a temporal modality as 

root operator (the other cases easily follow from the construction and induction hypothesis). Thus, 
since £ is a THT(X, U ) formula, either £ = X£i or £ = £i U £2 for some THT(X, U ) formulas 
£ 1 and p 2 - We prove the implication (T. T), j + k |= p (Hy/,T), j + k \= p of Property 1, and 
the implication (T.T), k \= p =4> (Hy-,T), /,; |= p of Property 2 (since the converse implications 
directly follow from Proposition III. 1 1 1 11. 

Property 1: let (T,T), j + k |= p, where k £ [0,z/x(VO] an d d x (£) < rfx(V’) — k. If £ = Xpi, then 
(T,T),J + (k + 1) |= Pi, k < dyfff), and J x (6) < rfx(V’) ~ (k + 1)- Hence, by applying the 
induction hypothesis, Property 1 follows. 

Now, assume that p = £1 U £ 2 - First, we consider the case when p = Since dx(P) < dx(ff) — k, 
it follows that k = 0. Since (j, £1 U £2 ) CW and <p p 1 U £ 2 , by Definition IIV. 1 1 we have that 
(T,T),j |= £ 2 . Hence, by applying the induction hypothesis for Property 1, the result follows. 
Now, assume that £1 U £2 is a strict subformula of i/j. Since (T, T ),j+k |= £1 U £2 and (j, ip) £ W, 
by Definition IIV. 1 1 for some position j', (j',p 1 U £ 2 ) £ W and (T. T),;j' |= £ 2 - Moreover, either 
£1 U £2 £ Fin(ip. M) and j' is the greatest position such that (T, T ),f \= £ 2 , or £1 U £2 £ Inf (ip. M) 
and j' > j + dx{p) > j + k. Hence, j' > j + k. Thus, since (T,T), j + k |= £1 U £2 and 
(T,T),j 7 |= £ 2 , there must be i £ [j + k,j'] such that (T,T),£ |= £2 and (T,T),m |= £1 for all 
m £ \j + k,£ — 1], Since (j',p 1 U£ 2 ) £ W, by applying the induction hypothesis on Property 2 
for the subformulas £1 and £2 of £1 U £ 2 , the result follows. 

Property 2: for the case £ = X£i, Property 2 directly follows from Property 1 and the induction 
hypothesis. Now, let us consider the case £ = £1 U£ 2 - Let (T,T),/c j= £ with k £ [0,j]. First, 
assume that £1 U £2 = ip. Since (j, £1 U £ 2 ) £ W and p p 1 U £ 2 , by Definition IIV. 11 we have 
that (T,T),j |= £ 2 . Thus, since (T,T),fc |= £ and k £ [0,j], there must be l £ [k. j] such that 
(T,T),^ |= £2 and (T,T),m |= £1 for all m £ [k,£ — 1 ]. Since (j, £1 U£ 2 ) £ W, by applying the 
induction hypothesis on Property 2 for the subformulas £1 and £2 of £1 U £ 2 , the result follows. 
Now, assume that £1 U £2 is a strict subformula of ip. Since (T,T), k 1= £1 U £2 and (j, ip) £ W, 
by Definition IIV. 1 1 for some position j ', (j'. £1 U £ 2 ) £ W and (T, T),f |= £ 2 . Moreover, either 
£1 U £2 £ Finlyp , M) and j' is the greatest position such that (T, T ),j' |= £ 2 , or £1 U £2 £ Inffip, M) 
and / > j + dx(<p) > k. Hence, j 1 > k. Thus, since (T,T),fc |= £1 U £2 and (T,T),/ |= £ 2 , 
there must be £ £ [k. j 1 ] such that (T, F)ff \= £2 and (T,T),?n j= £1 for all m £ [k,£ — 1]. Since 
(f,P 1 U £ 2 ) £ W, by applying the induction hypothesis on Property 2 for the subformulas £1 and 
£2 of £1 U £ 2 , the result follows. ■ 












D. Full proof of Lemma \IV.4\ 

Lemma IV.4. Let p be a THT(X. F) formula and M = (T, 7) be an equilibrium model of p. 
Then , M has at most dx{p) ■ (M + 1) non-empty positions. 

Proof: We assume without loss of generality that p is not of the form F ip (otherwise, we consider 
the formula (F ip) A T). Let W be a set of witnesses of M for p according to Definition IIV. 11 By 
Definition IIV. 1 1 W has cardinality at most \p\ +1. Now, we define an LTL interpretation H\y E T 
as follows: 

• for all i > 0, if there is (j, ip) £ W such that j < i and i — j < dx(p), then Hw(i) = T(z); 
otherwise, H w{i) = 0 - 

By construction, the set of non-empty positions of the interpretation (Hvy,T) has cardinality at 
most dx(p) ■ (|</>| + !)• We show that H w = T, hence, the result follows. For this, since M = (T, T) 
is an equilibrium model of ip, it suffices to prove that (Hw,T),0 \= p. Since (0, </?) £ W, the 
result directly follows from the following claim: 

Claim: for all (i,ip) £ VF, £ [0 ,dx(ip)\, and subformulas £ of ip such that r/x(£) < rfx(V’) — 
(T,T ),i + k \= £ iff (Hiy,T),i + k |= £. 

Proof of the claim: Let (i,ip) £ W, k £ [0,r/x(V’)]> and £ be a subformula of ip such that 
d x (£) < d\(ip) ~ k. The implication (Hy^,T), z + k \= £ => (T,T),f + k |= £ directly follows 
from Proposition III. 11 11. For the converse implication, assume that (T, T),z + k \= £. We show 
that (FIjy, T), i+k j= £ by induction on the structure of £. We only consider the cases where £ has 
a temporal modality as root operator (the other cases easily follow from the induction hypothesis 
and the fact that by construction Hjy(i + k) = T(z + k)). Thus, since £ is a THT(X, F) formula, 
either £ = X£' or £ = F£'. First, assume that £ = X£'. Flence, (T,T),z + (k + 1) \= £'. Since £ 
is a subformula of ip such that dx(£) < d\(ip) — k and k £ [ 0 ,dx(VO]’ we have that k < dx{ip) 
and dx(f') < dx(ip) — (k + 1). By the induction hypothesis, (Hiy,T),i + (k + 1) |= £', hence, 
(H w, T), % + k \= £, and the result follows. 

Now, assume that £ = F£'. First, assume that £ = ip. Since dx(£) < d\{ip) — k, it follows that 
k = 0. Since (■i , F£') £ W and p F£', by Definition IIV. 11 we have that (T,T),i j= £'. Flence, by 
applying the induction hypothesis, the result follows. Now, assume that F£' is a strict subformula 
of ip. Since (T,T),i + fc |= F£', there exists j >i + k such that (T,T),j |= £'. We need to show 
that (H^,T),z + k \= F£'. By construction, F£' £ Fin(p, M) U Inffp. M). We distinguish two 
cases: 

• F£' £ Fin(p, M): since (T, T),j |= £', by Definition IIV. 1 1 there exists the greatest position j' 
such that (T,T), f |= £' and (j', F£') £ W. Hence, f > j • Moreover, by applying the induction 
hypothesis, we have that (Hy^,T),j' |= £'. Thus, since j > i + k and j' > j, we obtain that 
(HwaT), i + k \= F£', and the result holds. 

• F£' £ Inffp, M): by Definition IIV. 1 1 there exists a position m such that (m, F£') £ W and 
(T,T),m |= £'. Hence, by applying the induction hypothesis, (H^,T),m (= £'. Moreover, 
since ( i,ip) £ W, F£' is a strict subformula of ip, and k < dx{p), by Definition IIV. 1 1 it follows 
that m > i + k. Hence, (H w, T), i + k |= F£', and the result follows, which concludes. 


















E. Proof of Lemma IZL5I 

Lemma IV.5. Let p be a THT(X , F) formula, n > 1, and M = (T,T) be an equilibrium model 
of p having n non-empty positions. Then, there exists an almost-empty equilibrium model of <p 
of size at most n ■ (dx{p) + 1). 

Proof: By hypothesis M is an almost-empty equilibrium model of p having n non-empty positions. 
Let £ be the size of M. If £ < n ■ (dx{p) + 1), we are done. Otherwise, we show that there exists 
an almost-empty equilibrium model of p of size £ — 1 and having n non-empty positions. Hence, 
by iterating the reasoning, the result follows. Since t > n • (d\(p) + 1), there must be a set of 
empty positions of M of the form [h, k] such that k < £ and k — h > dx{p) + 1. Let IVT be the 
total interpretation defined as follows: for all i > 0, M ; (i) = M(i) if i < k, and M^i) = M(* + 1) 
otherwise. Intuitively, IVf is obtained from M by contracting the interval [h, k] of one position. 
Note that IVT is an almost-empty total interpretation of size £—1 and having n non-empty positions. 
One can easily show that IVT is still an equilibrium model of ip, which concludes. ■ 




